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Chapter 1 Solution

(b)

2x+1 <4x-1

—(4x-1) <2x+1<4x-1
A4x+1<2x+1 and 2x+1<4x-1

0<6x and 2<2x
x>0 and x>1
Sox>1
|2x+]4>|4x—]4
|2x+]42 >|4x—]42

4% +4x+1>16x> —8x+1

12x? —12x <0
12x(x-1) <0
S0<xx1

SE Production Limited

M1

Al
Al

[3]

M1
(AL) for correct inequality

A2
[4]



(a) |X|+1<2|x| 5
3
S5 <25
16 5
— <a/X
3 3
16
x>
5
16 16
SX>T— or X<——
5 5
®  [l<jx-g
3
x+12
2 <Jx-5
3
2
X +2X+L e —20x+ 25
X% +2X+1>36x> —180x + 225
35x° —182x+224 <0
7(x—2)(5x—16) <0
.'.2<x<E
5
(X)) >5
2|x|+ﬁ>5
2|x|2+3>5|x|
2|x|2—5|x|+3>0

(X -D(2|x-3)>0
~[x[<Lor|X 23
2

S.0<x<lor x>§

SE Production Limited

M1

A2
[3]

M1

(AL) for correct inequality

A2
[4]

M1

(Al) for correct inequality

Al

A2
[5]



4.

f (X)) =[x +2

|x|3—14|x|+8
> x[+2
X|+4
|x|3—14|x|+82(|x|+2)(|x|+4)
|x|3—14|x|+82|x|2+6|x|+8
|x|3—|x|2—20|x|20
X|(|4* =[x -20) =0
|x|2—|x|—2020

(X +4)(x-5)=0

~.|X| <-4 (Rejected) or |x|>5
X >5 (Rejected) or X <—-5
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M1

(A1) for correct inequality

M1

Al

Al
[5]



1. @

(b)

x=§ or x=2
4

SE Production Limited

For correct asymptotes Al
For correct intercepts Al
For correct shape A2
N
6
3x—1
A l—x
4
y= 3 ~—
\/
1
2 o1 2 4
3
x=1
3x-1 5
1-x
3x—1:50r 3x—1:_5 M1
1-x 1-x
3x—1=5(1-x) or 3x—-1=-51-x)
3X—-1=5-5x or 3x—1=-5+5x
8Xx=6 or —2x=-4
A2

[4]

[3]



@ For correct asymptotes Al

For correct intercepts Al
For correct shape A2
[4]
B ‘] —2x / \ f‘
g _| x+1 \ 6
/ \4
YA
v
\ 2 y = 2
1 //
2 1 olos 2 1
x=-1
(b) 0and 2 A2
[2]
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(@)

(b)

FA(F (X)) = x

[3]

[4]

L2t M1
af (x)+2
2( 2X ]
2—X
Ty "
a(j+ 2
2—X
2(2x) _ M1
a(2x)+2(2-x)
4x
- =X
2ax+4-2x
Ax = 2ax’ +4x—2x°
2x% = 2ax’
a=1 Al
For correct asymptotes Al
For correct intercept Al
For correct shape A2
| 4
| | 2x 64‘
4 ‘x +2 \
\ 4
) \
/
2. y ~ 2
Z
) ;) 0 2
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@ Q) For correct asymptotes Al

For correct intercept Al
For correct shape Al
4 y=|f(x)
6
y=r(x)

P—
i

2
1
3
2 0 > 1
x=-3 x=3
(i) For correct asymptotes Al
For correct intercept Al
For correct shape Al
[6]
by 1 Al
[1]
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1. @
(b)
(©)
2 @)
(b)

49(x)+1
fo =
(10w -2
4(4x%) +1
fo =— 7 =
(1000 ="7
(fog)(X) = 162;1
o)) = BN+
(90 =250
(fog)0=-12 =2
X

(fog)(=x) =—(f = g)(x)
Thus, (f 2g)(x) is an odd function.

{y:y=4}

f (%) = (=%)* = (%)’
f(—x)=x*-x*

f(=x) = f(x)

Thus, f(x) is an even function.

As f(x) isan even function, the minimum point
of f has Xx-coordinate L for x>0.
2

Thus, the two minimum points of f(x) have the
same Y -coordinate.

(-3
V2) U2 V2
oL )_1.1
2) 4 2
(o)1
2) 4
Thus, the range of f(x) is {y: yz—%}.

SE Production Limited

M1

Al
[2]
M1

Al

AG

[2]
Al

[1]
M1

Al

AG
[2]

(R1) for correct argument

M1

Al

[3]



(@)

(b)

(©

(a)

(b)

(©)

f(=x) =—f (X)

Thus, f(x) isan odd function.

f(a)=a
a

2 =a

a“+0.19
a=a(a’+0.19)
a(a®+0.19-1)=0
a(a®-0.81)=0
a=0or a’=0.81
a=0,a=-09or a=0.9

y=0

2-5|-x|
2-9|-x|
_2-5[%
~2-9|«
F (=)= f(x)

Thus, f(X|) is an even function.

f(—x)) =

f (|—x])

SE Production Limited

M1

Al

AG

[2]

(M1) for valid approach

A2

Al

M1

Al

AG

Al

A2

[3]

[1]

[2]

[1]

[2]



(a)

(b)

(@)

(b)

(©)

{xX:x>T7}

f(x)=10-2(x-7)
y=-2x+24
=>Xx=-2y+24

2y =24-x

1
=12—-——X
y 2

1
S0 =12-=x
(X) >

{x:x<2}

f(x) =—(x*~8)
y=—x"+8
—x=-y’+8
y}=8-X
y=38-x
S0 =38-x

1

A2
[2]

(A1) for correct function

(M1) for swapping variables

Al
[3]

A2
[2]

(Al) for correct function
(M1) for swapping variables
Al

[3]
Al

[1]
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(@)

(b)

(©

{x:—13xs4}
2

f(x)=(2x+1)°
y = (2x+1)?
= x=(2y+1)?
Jx=2y+1
Jx-1=2y
Jx-1

2

Ix -1
2

S FY(X) =

(fog)(X) = (4x+7)’
g(x) = f((4x+7)")

g()():«/(4x+27)2 -1
_Ax+7-1
2
4X+6
2
g(x)=2x+3

g(x)

g(x) =

SE Production Limited

A2

[2]

(M1) for swapping variables

Al
[2]

M1

Al
[2]

11



(a)

(b)

(©)

{x:-5<x<3}

f(x)=—(x—3)’+5
y=—(x-3)°+5
=x=—(y-3)*+5
(y-3)*=5-x

y—3= J5-x (Rejected) or y—3=—5—x

y=—5-x+3
() =—5-%x+3

(97 F)(x)=2x

f=(x) =g(2%)
g(2x) =—/5-x+3

1 f 1
g(z(zxjjz— 5—5x+3
g(x):—‘,S—%x+3

SE Production Limited

A2
[2]

(M1) for swapping variables

Al
Al
[3]
M1
Al
Al
[3]
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1. For correct intercepts A2
For correct concavity Al
For correct minimum point Al
¥ [4]
A
y=(/(0)
1
. > X
@
2. For correct intercepts A2
For correct asymptotes A2
Al

For correct concavity

[5]

SE Production Limited
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3.

For correct intercepts A2
For correct concavity Al
For correct domain Al
[4]
y
A
1 %
y=+/(x)
> X
O
For correct X -intercept Al
For correct asymptote Al
For correct concavity A2
[4]
y
A
VAC))
[+
/ 1
> X
9] 2%
x=0
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Chapter 2 Solution

1. a(-2)® - (-2)* +b(-2) +3=-13 (M1) for remainder theorem
-8a-4-2b+3=-13
—-8a+12=2b
b=6-4a Al

a(3)°® -3 +3b+3=27
27a—9+3b+3=27

. 27a—-9+3(6—-4a)+3=27 (M) for substitution

27a—9+18-12a+3=27

15a=15

a=1 Al

b=6-4(1)

b=2 Al

[5]

2. 4(2)° —2k(2)* =5=3(2)° —k*(2)* +15 M1A1

32—-8k —5=24—4k* +15

27 -8k =24—4k* +15 (A1) for simplification

4k* -8k -12=0 Al

k?-2k-3=0

(k+1)(k-3)=0
k+1=0or k—-3=0
k=-1or k=3 A2
[6]

3. @) 4(2)° + p(2)* +9(2) = 4(-2)* + p(-2)* +q(-2) M1Al
32+4p+2q=-32+4p-2q

4q =64
q=-16 Al
[3]
() peR Al

[1]
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f(p)=qg

p*+4p*-3p+2=q (M1) for remainder theorem
f(-p)=q+12

(-p)* +4(-p)* -3(-p)+2=0q+12 (M1) for remainder theorem
p* +4p*+3p+2=q+12

Sopt+4p*+3p+2=p*+4p°-3p+2+12 (M1) for substitution
3p+2=-3p+14

6p=12

p=2 Al

q=2"+4(2)*-3(2) +2

q=28 Al

[5]
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Exercise 7

1.

f(2)=0
a(2)’+b(2)*-13(2)+6=0
8a+4b—-26+6=0
4b=20-8a

b=5-2a

f(-3)=0

a(-3)° +b(-3)*-13(-3) +6=0
—27a+9+39+6=0

.. —27a+9(5-2a)+39+6=0
—27a+45-18a+39+6=0
—45a=-90

a=2

b=5-2(2)

b=1

f(4)=0

4° 4+ p(4)°+q(4)+48=0
64+16p+4q+48=0
4q9=-16p-112

q=-4p-28

f (-3) =105

(-3)° + p(-3)* +q(-3) +48 =105
—27+9p—-3q+48=105

S —27+9p—3(—4p—28)+48=105
—27+9p+12p+84+48=105

21p=0
p=0
q=-4(0)—28
q=-28

SE Production Limited

(M1) for factor theorem

Al

(M1) for substitution

Al

Al
[5]

(M1) for factor theorem

Al

(M1) for substitution

Al

Al
[5]



(a)

(b)

(@)

(b)

p(5)=0
5°+5m-30=0
5m=-95
m=-19

p(x) = x> —19x—30
x> +5X+6
x—@x3+oﬁ-49x—3o

x® —5x?

5x2 —19x

5x% — 25x
6x—-30
6x—-30

By using the long division,
p(X) = (X —5)(x* +5x +6)
p(x) = (x=5)(x+2)(x+3)

q(-3)=0

2(-3)° +(k +9)(-3)* +k(-3) +(k+1) =0
—-54+9k +81-3k +k+1=0

Tk =-28

k=-4

q(x) =2x> +5x* —4x -3
2x% —x—1
x+@2ﬁ+5%—4x—3
2x3 + 6x°

—x? —4x

—x?-3x
-X-3
—X-3

By using the long division,
p(x) = (x+3)(2x* —x 1)
p(x) = (x+3)(2x+1)(x-1)

SE Production Limited

(M1) for factor theorem

Al
[2]

M1

Al
Al

[3]

(M1) for factor theorem

Al
[2]

M1

Al
Al

[3]



Exercise 8

1.

2x° +30%x% +kx+20=x-5
2x° +30x° +(k—1)x+25=0
hn+hLG+0G = anzra
k-1 25

T2 2

k-1=-25

k=-24

X+ 1o +3x% +2x+1=—x* +4x3 +13
2x" +(k—4)x* +3x* +2x-12=0
Lo +n+rn+n+r,=0

.'. __12+(_ﬂj = 0
2 2

1 1 1 r I r
€) —t——t—=3¢ 1 4 2
rlrz r2 r3 rlrS r1r2 r3 r1r2 r3 rlrz r3

1 1 1 r+r+r

rer r2 r3 rlr3 r1r2 r3

~18
1 1 1 g
1,11 "6
rer r2r3 rlrS _Lz

6
1 1 1 1
—+t——+—=-=

r;l. r2 r‘2 r3 rl r3 4

(b) The sum of the roots
-18
=——+3(3
6 3)

=12

SE Production Limited

(M1) for valid approach

M1A2

Al
[5]

(M1) for valid approach

M1A2

Al
[5]

(M1) for valid approach

A2

Al

[4]

M1

Al
[2]



(@)

(b)

1 1 1 rr rr.
44— _23 , 13

nr
412

r1 r2 r3 rl r-2 r3 rl r-2 r3 rl r2 r3

1+£+£:r2r3+r1r3+rlr2
r-1 r2 r-3 r1r2r3
-10
1+£+£:_—1
nr o _-15
-1
1 1 2
St ===
3

SE Production Limited

(M1) for valid approach

A2

Al

M1

Al

[4]

[2]



@ The required real root
=1.25-6
=-4.75

(b) The required real root
=-1(1.25)
=-1.25

@) The required real root
=-1(-2.25)
=2.25

(b) The required real root
-3
=-0.75

9(x) = f(x-4)

g(X) =—(x—4)" +4(x—4)> +5(x—4) +3
g(x) = —(x* —=16x® + 96x* — 256X + 256)
HA(XE —12X% + 48X —64) +5X— 20+ 3
g(x) = —x* +16x° —96x* + 256X — 256
+4x% —48x% +192x — 256 +5x —20+3
g(x) = —x* +20x® —144x* + 453x —529

g(x)=2f(x+1)
g(x) =2(2(x+1)* +5(x+1)* - 2)

g(X) = 2(2(x* +4x° +6X° +4x+1) +5(X* + 2x+1) - 2)
g(x) =2(2x* +8x> +12x* +8x+2+5x* +10x+5-2)

g(x) =2(2x* +8x> +17x* +18x+5)
g(x) = 4x* +16x° +34x* +36x+10

SE Production Limited

(M1) for valid approach
Al

[2]

(M1) for valid approach
Al
[2]

(M1) for valid approach
Al
[2]

(M1) for valid approach

Al
[2]

(A1) for substitution

M1Al

M1

Al
[5]

(A1) for substitution
M1Al
M1

Al
[5]



1. 2% =3x* +12x+r—7=0
r=2x>+3x>-12x+7 (M1) for valid approach
By considering the graph of y=2x*+3x*-12x+7, the
local maximum is (-2, 27) and the local minimum is

@0). (M1) for valid approach
Thus, O<r<27. A2
[4]
2. x* —8x% +16x* =k —4x
x* —8x° +16x° +4x =k (M1) for valid approach
By considering the graph of y=x*—-8x>+16x* + 4x, the
global minimum is (—0.114908, —0.236058) . (M1) for valid approach
Thus, k <-0.236. A2
[4]
3. x* +180 = r+24x"
X
x> +180x = r + 24x°
x* —24x* +180x =r (M1) for valid approach
By considering the graph of y = x* —24x* +180x, the local
maximum is (6, 432) and the local minimum is (10, 400). (M1) for valid approach
Thus, r <400 or r>432. A2
[4]
4, 8x°(2x+1) =k +192x + x*
16x° +8x* =k +192x + x*
—x* +16x> +8x* —192x =k (M1) for valid approach
By considering the graph of y=—x*+16x> +8x* —192x,
the local maxima are (-2, 272) and (12,5760), and the
local minimum is (2, —240). (M1) for valid approach
Thus, —240<k < 272. A2
[4]
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1.

@) Let x+1 = A + , Where A and
(x=4)(3x-1) x—-4 3x-1
B are constants.
X+1 _ ABx-D) N B(x—4)
(x=4)Bx-1) (x-4Bx-1D) (x-4)(3x-1)
Xx+1 _ 3Ax—A+Bx-4B
(x—=HBx-1)  (x—4)(3x-1)
x+1=(3A+B)x+(-A-4B)
1=3A+B
B=1-3A
1=—A-4B
~1=—A-4(1-3A)
1=—A—-4+12A
5=11A
A2
11
.~.B:1_3(£j
11
4
T
. x+1 5 4
T (x—4)(Bx-1) 11(x-4) 11(3x-1)
b)) -1

1
C X=4, X=—
(© 3

SE Production Limited

M1

Al

Al

Al

[4]
Al
[1]

A2
[2]



(@)

(b)

a=-2, b:—1
2

3-x A N
2X° +5x+2  2X+1 X+2
B are constants.

3-x  _ A(x+2) N B(2x+1)
2X°+5X+2  (2x+1D)(x+2) (2x+1)(x+2)

3-x _ Ax+2A+2Bx+B
2 +5x+2  (2X+1)(x+2)
—X+3=(A+2B)x+(2A+B)

Let , where A and

-1=A+2B
A=-1-2B
3=2A+B
~.3=2(-1-2B)+B
3=—2-4B+B
=-3B
5
© 3
)
3
A=l
3
3-X 7 5

X542 3(2x+1) 3(x+2)

SE Production Limited

A2
[2]

M1

Al

Al

Al

[4]

10



(@  Let X' —x-1 A2y
(X+3)(x+7) X+3 X+7
and C are constants.
X*—x-1 _ A(X+3)(X+7)
(x+3)(x+7)  (X+3)(x+7)
B(x+7) N C(x+3)
(X+3)(x+7) (X+3)(x+7)
x> —x-1
(X+3)(x+7)
_ AX® +10Ax+21A+Bx+7B+Cx+3C
- (X+3)(X+7)
x> —x—1=Ax* +(10A+B+C)x+(21A+7B+3C) Al
A=1 Al
-1=10)+B+C
C=-11-B
-1=21A+7B+3C
5.—=1=21(1)+7B+3(-11-B) Al
-1=21+7B-33-3B
11=4B

B:E Al

,Where A, B

M1

C=—=2" Al

[6]
() y=1 Al

[1]

SE Production Limited



(@)

(b)

Let —— =
(2—x)(5-3x) 2—Xx 5-3x

x?+3 B

+—t , Where A,

B and C are constants.
xX*+3  _AR-x)(5-3x)

(2-x)(5-3x) (2= x)(5-3X)

B(5-3x) N C(2—x)
(2-x)(5-3%) (2—x)(5-3X)

x> +3
(2= x)(5—3x)
_ 10A-11Ax +3AX? +5B —3Bx + 2C —Cx
B (2— x)(5—3%)
x2 +3=3Ax2 + (~11A—3B —C)x+ (10A+5B + 2C) Al
3A=1

M1

A=l Al
3
1
O=—11(—j—BB—C
3
C= —E—3B
3
3=10A+5B+2C
.'.3:10[£j+58+2(—1—1—38j Al
3 3
3= 10 +5B _22_ 6B
3 3
3=—4-B
B=-7 Al
11
S C==—==-3(-7
3 =7)
C =5—2 Al
3
(2—x)(5-3x)
X)=>0—>2~ 7
9() x*+3
The discriminant of x*+3
=0°-41)(3) Al
=-12
<0
Therefore, the denominator is always nonzero.
Thus, g(x) has no vertical asymptote. AG

SE Production Limited

[6]

[1]



Chapter 3 Solution

1. @
(b)
2 @
(b)

a+b+c=998
9a+3b+c=982
36a+6b+c =928

a=-2, b=0and ¢c=1000
For any one correct answer
For all correct answers

X+Yy+2z=_8400
X+2=y—-6288

42x+84y + 21z = 655872
X+ Yy+2z=_8400

By solving the system < x—y+z =-6288 :
42x+84y + 21z = 655872

x=800, y=7344 and z=256.

For any one correct answer
For all correct answers

SE Production Limited

Al
Al
Al

Al
Al

Al
Al

Al

Al
Al

[3]

[2]

[2]

[3]



(@)

(b)

(@)

(b)

10a+12b+13c =150
14a+8b+19¢c =178
22a+23b+7c =230

10a+12b+13c =150
By solving the system <14a+8b+19c =178 ,
22a+23b+7¢c =230
a=5,b=4and c=4.
For any one correct answer
For all correct answers

The total price
=5(30) +4(0) + 4(35)
=$290

30x+16y =152
23x+15y+8z =114
11x+17y+18z =60
30x+16y =152
By solving the system < 23x+15y+8z =114,
11x+17y+18z =60
Xx=4,y=2and z=-1.

For any one correct answer
For all correct answers

A team drops 1 point for losing a game.

SE Production Limited

M1Al

Al
Al

M1
Al

M1Al

Al
Al

Al

[4]

[2]

[4]
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1. @

(b)

X+3y—-2z=3

2X+y-z=1

-X+2y+az=2

X+3y—-2z=3

—>{-5y+3z=-5 (R,-2R, &R, +R))
5y+(a-2)z=5

X+3y—-2z=3
—{-5y+3z=-5 (R, +R,)
(@+1)z=0

The system has an infinite number of solutions.

s.0=a+1
a=-1

The system has a unique solution when a = —1.

~z=0

-5y+3(0)=-5

y=1

X+3@)-2(0)=3

x=0

Thus, x=0, y=1and z=0.

SE Production Limited

M1A1
Al
Al

[4]
R1
A2

[3]



(a)

(b)

X+y+z2=3
2X+Yy-31=-2
X-2y+az=-21

X+y+z2=3

—4-y-52=-8 (R,-2R, &R, -R)
-3y+(a-1)z=-24

X+y+z=3

—<-y-52=-8(R,-3R,)

(a+14)z=0

The system has an infinite number of solutions.
~.0=a+14

a=-14

The system has a unique solution when a=6.
~2=0

-y—-5(0)=-8

y=8

X+8+0=3

X=-5

Thus, x=-5, y=8 and z=0.

SE Production Limited

M1A1
Al
Al

[4]
R1
A2

[3]



(b)

2Xx—-y+z=1
Q) —X+y+az=0
X—2y—-2z=D
2X—-y+z=1
—>410.5y+(@a+0.5)z=05
-15y-25z2=b-05
(R,+0.5R, &R, -0.5R))
2Xx—-y+z=1
—40.5y+(a+0.5)z=0.5(R; +3R,)
(Ba-Dz=b+1
The system has no solutions when
3a-1=0and b+1+0.

a=1 and b=-1
3

(i) The system has a unique solution when
3a-1+0.

1
az=
3

(iii)  The system has an infinite number of
solutions when 3a—1=0 and b+1=0.

a=1 and b=-1
3

(3(0)-nz=0+1

z=-1
0.5y+(0+0.5)(-1)=0.5

y=2

2x—-2+(-1) =1

X=2

Thus, x=2, y=2 and z=-1.

SE Production Limited

M1Al

Al

Al

Al

Al
[6]

A2
[2]



(a)

(b)

8Xx+3y+z=2
(1) 4x-4y+6z=1

4x+y+az=b
8X+3y+z=2

—>4-55y+552=0
5y+(a-6)z=b-1

(R,-0.5R, &R, -R,)
8Xx+3y+z=2

— —5.5y+5.52:0(R3+£R2) Al
(a-Dz=b-1

The system has no solutions when

a—-1=0and b-1+0.
a=1land b=1 Al

M1Al

(i) The system has a unique solution when
a-1+0.
a=l Al

(ili)  The system has an infinite number of
solutions when a—1=0 and b—1=0.
a=land b=1 Al

The system has an infinite number of solutions.
-5.5y+55t=0

-y+t=0

y=t Al
8x+3t+t=2

x=0.25-0.5t

Thus, x=0.25-0.5t, y=t and z=t,where te R.Al

SE Production Limited

[6]

[2]



Chapter 4 Solution

1.

(@)

(b)

1
Y1+2x = (1+2x)°

s

2 4 40
P+2X =1+ =X ==X+ — X -+
3 9 81

&
3+ 2x =1+(%j(2x) +(3—|3(2x)2

+

31.06 = 3[1+2(0.03)

, 40

31,06 z1+§(o.o3) —g(o.os) + 2 (003

3/1.06 ~1.019613333

1.06 ~1.02

SE Production Limited

M1A1
Al
[3]
M1
Al
[2]



(a)

(b)

—% B 2 3 3 2
@+bx) 2 =1+ (—g] (bx) + BT (bx)

Cl

+
3!

2

(1+bx) @ = 1- 2 x4 2p2xe - 20
3 9 81

30y 260
81 81

b® =64

b=4

The coefficient of x>
S, 2

=>4
9( )

80
9

WOpas s ...

SE Production Limited

M1A1

(A1) for correct equation

Al
[4]

Al

Al
[2]



(b)

1)(.3
2\ 2)( 1Y
+ —=X| +
3! 4
8 128 1024
1 1 1
JA=X=2-ZXx——x*——X>+---
4 64 512
\/E: [t
4 4
J@z_z L\A(1y_ 1 (1Y
4 4\4) 64\4) 512\4

? ~1.93649292

+15 ~ (1.93649292)(v/4)

J15 ~ 3.87298584

\Ez3.87

SE Production Limited

M1A1

Al
[3]

M1A1l

Al

Al
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(a)

(b)

(©)

4eltax = 4/81(1+ 8% xj
a

1
{8l+ax =3| 1+ (a XD4

{8l+ax =3

+ ..

fBlrax =3| 1+ x—

324

2

2

fBlrax =3+ x—

108

2
AN |- s
108 23328

3

a —
2510424
a® =1259712
a=108

—1<@x<1
81

69984

2

(e

2!

Xz*"'j

X"+
23328

|

SE Production Limited

a

81

sz

M1A1l

Al
[3]

(A1) for correct equation

Al
[2]

A2
[2]



1.

(@)

(b)

(a)

(b)

1
(1+3x)°
1
(1+3x)°

+(_’3’)(;ﬁ(3x)3 S

=(1+3x)°

=1+ (-3)(3x) + (_3)2# (3x)*

a 13 % =1-9x+54x> —270x> +---
+3X
0.97°3 1

T (1+3(-0.00))°

0.97° ~1-9(-0.01) +54(~0.01)” — 270(~0.01)°

0.97° ~1.09567
0.97° ~1.10

(L+bx) 2 =1+ (=2)(bx) +#(bx)2

N (—2)(;:!3)(—4) (bX)° +---

(L+bx)? =1—2bx+3b°x* —4b°x% +---
-.—4b® = 2048

b =-512

b=-8

The coefficient of x>

~3(-8)’
=192

SE Production Limited

M1A1
Al

[3]
M1
Al

[2]
M1A1

(A1) for correct equation

Al
[4]
Al
Al
[2]



11
A4+12x+9x*  (2+3x)°

11
4+12X +9x? 22( 3 jz

(@)

1 1 jz
= —=|1+3x
A+12x+9x° 4 2

12 1)+ 29 5]

+M@Xj ;

3!
£x3+---j
2

27 ,

27 2
3 27
— =X+ ——X ==X
4

1 1

4112x+9xF 4

1
4+12Xx+9%2

1 —
4+12X+9x°

1 1-3x+—

4 4

1

= X

4 16 8

- 1 1 2
(2+3(0.05))

2.15?

1 1 3 27

~=—=(0.05)+-(0.05)* - —(0.05)°

2.15° 4 400 ( ) 8( )
1

o ~0.216296875

7

= = (0.216296875)(-7)

~—1.514078125

7

T215

SE Production Limited

M1A1

Al
[3]

M1Al

Al

Al
[4]



@ ZX-@-vax®
a+x
-1
27X _(2-y)(a)" (1+ 1 xj
a+x a
ﬂ = u 1+ (_1) (ix + (_1)(_2) (1
a+ X a a 21 a
ﬂ:(g_zj(l_ix_kizxz_p...j
a+x \a a a a
2-x_2 2 2,1 1., 1
a+x a a* a° a 2 a
2— 2 1 2 [1 2)2
= e X S (X4
a+x a a a a‘ a
. 2 1 2 1
b) (i L2 =2
® o 2 [ : azj .
1.2 1
a a* 9
a-2_1
a? 9
9a-18=a’
a’—-9a+18=0
(a-3)(a-6)=0
a=3 or a=6 (Rejected)
.. 5
ii =
(i) 27
(© —1<1x<1
-3<x<3

SE Production Limited

Al

[3]

(A1) for correct equation

Al

Al
[3]

A2
[2]



2 A
Let = +
2+x)6+x) 2+x 5+x
are constants.

, where A and B

2 _ AB+x) N B(2+x)
Q2+X)5G+X) 2+X)GE+x) (2+x)(5+X)
2 _ 5A+ AXx+2B+Bx

(2+x)(5+x) B (2+x)(5+x)
2=(A+B)x+(5A+2B)

0=A+B
—B=A
2=5A+2B
-.2=5(-B)+2B
2=-5B+2B
2=-3B
g__2

3
~A=2

3

2 2 2

T 2406B+X)  32+X) 3(5B+x)

SE Production Limited

M1

Al

Al

Al

[4]



(b)

2 22
2+x)(B+x) 32+X) 3(+X)

2 2( 1 j* 2[ 1 j*
——————=—|1+=x| ——|1+=x
2+x)6+x) 6 2 15 5

2
2+ x)(5+x)

:}£1+(—D(lxj+(_DGQ)(EXJZ+~]
3 2 2! 2
_3[1+(_1)(1Xj+w(1xj+...]
15 5 2! 5

2 1( 1 1., )
— =2 1= X+ =X+
2+x)(5+x) 3 2 4

15 5 25
2
(2+x)(5+x)
11 1, 2 2 2
= X4+ — X ——F —X—— X+
3 6 12 15 75 375
2 1 7 39 ,

- - —— X
2+x)5+x) 5 50 500
The required sum

7 39
__+_

50 500
_ 3t

500

SE Production Limited

M1Al

Al

Al
[4]



(@)

1+x A
= + ,
(4+%x)°> 4+x (4+x)°
are constants.
1+ X A(4+X) B
= +
(4+x)*>  (4+x)° (4+x)°
1+x 4A+Ax+B
(4+x)?  (4+x)?
1+x= Ax+(4A+B)
A=1
1=4A+B
~1=4()+B
1=4+B
B=-3
S l+x 1 3
T(A+x)? 44X (4+X)

Let where A and B

SE Production Limited

M1

Al

Al

Al

[4]

10



(b)

1+x 1

3

(4+x)? 4+x (4+x)

1+—X—l 1+1X
(4+x)? 4

-1 3 1 -2
——1+—X
4 16 4

1+ (- 1)( j D= 2)( j
1+X 1 21 4

(4+x)° 4| (D23

1 3
x|+
3! (4 j

(e 2)( j (-2)(- 3)( j
3 4
1 —2)(—3)(—
LA (L)
3! 4
1+X 1( 1 1, 1, j
> = I==X+ X" ——X
4+x)° 4 4 16 64
_i 1_1 +ix2_ixs+...
16 2 16 6
1+x 1 1 1, 1
— = X4+—X"——X
(4+x)* 4 16 64 256
3 3 9 , 3
—— X —— X —— X+
16 32 256 256
1+X 1 1 5 , 1 4
— X—— X+ —X+
(4+x) 16 32 256 128

Thus, the coefficient of x* is i.
128

SE Production Limited

M1Al

M1

Al

Al
[5]
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9x A
Let = +
(B+x)(6—x) 3+x 6-X
are constants.

(@)

, where A and B

9x _ A(6-Xx) N B(3+x) M1
B+x)(6-x) B+x)(6-x) B+x)(6-X)
9x _ 6A—Ax+3B+BXx
B+x)(6-x)  (B+x)(6-X)
9x=(—A+B)x+(6A+3B) Al
9=-A+B
B=9+A
0=6A+3B
..0=6A+3(9+A) Al
0=9A+27
—27=9A
A=-3..B=6
o __ 3,6 Al
B+ x)(6—x) 3+X 6-X
-1 -1
L:_§(1+lxj +§(1_lxj
B+ x)(6-x) 3 3 6 6
Ox
B+ x)(6—x)
2
=—-1+(—D(1x +£:9££Q(1xj-+~- M1A1l
3 2! 3
2
+-l+(—D(—lx +(_D02)(—1xj 4o
6 2! 6
L:_ 1_lx+lxz+...]
3+ x)(6-x) 3 9
+@+lx+£48+mj
6 36
L:-l.}.lx_lxz_{_l_{_ix_{_ixz_{_...
B3+ x)(6-x) 3
Lzlx_ixz_k... Al
(B+x)(6-x) 2 12
[7]
1 1
(b) -l<=x<land -1<-=x<1
3 6
—3<x<3and 6<x<6
So=3<Xx<3 A2

[2]

SE Production Limited 12



1+5x A
B+k0)? 34k (B1kx) '
constants.

1+5x =A(3+kx)+ B
(B+kx)®  (3+kx)?  (3+kx)?
1+5x _ 3A+Akx+B
B+kx)®  (3+kx)?

1+5x = Akx+(3A+B)

5= Ak

Let

1+5x 5 k-15

where A and B are

T Bk? KBk | K(B+kx)?

1+5x 5( k j‘l k-15
A B P [
B+kx)? 3kl 3 3k
1+5x
(3+kx)?

5 (-DH(=2)
3k(l+( 1)( j 50 (

3k 2!

1+5x__5(, k K ,
(3+kx)? 3k

3k{9) 3k |3 27
5k, k*-15k _ 37
219 27
5k +3k? —45k =—37
3k*—40k +37=0

+k—15[1+( 2)( ] (=2)(=3)

M1
Al
Al
-2
(1+Ex]
3
xj +- ] M1A1l
k 2
(—X) +J
3
Al
Al

SE Production Limited

13



(3k—37)(k—-1) =0

k= %7 (Rejected) or k =1

SE Production Limited

Al

[8]

14



Chapter 5 Solution

1. When n=1,

1
LH.S.=> (2r+1)°

r=1

LHS.=9
M(4(D)? +12(1) +11)
3

R.H.S. =

RHS.=9

Thus, the statement is true when n=1. R1

Assume that the statement is true when n=Kk. M1
k 2

Z(Zr 11 = k(4k®+12k +11)

r=1 3

When n=k +1,

k+1 k

> @r+1)7 = 2r+1)° +(2(k +1)+1)? M1

r=1

k+1 2
Z(2r+1)2 _ k(4k®+12k +11) +(AK?
r=1

k+1 3 2 2
Z(2r+1)2:4k +12k* +11k +12k - + 36k + 27 AL
=1

+12k +9) Al

3

ki(Zr 11y = 4K® +24K* + 4Tk + 27
= 3

ki(Zr 11y = (k +1)(4k* + 20k +27)
=1 3

k+1 )
§ (ar g (DMK D #1201 1) +10) N
r=1 3

Thus, the statement is true when n=Kk+1.

Therefore, the statement is true for all ne Z". R1

Al

[8]

SE Production Limited



When n=1,
L.H.S.=1x1!

LHS.=1

RH.S.=@1+1)!-1

RH.S.=1

Thus, the statement is true when n=1.

Assume that the statement is true when n=Kk.

Ix1+2x 21+, .+ kxk!=(k+1)!-1

When n=k +1,

IxU4+2x 21+ ...+ kxk!+(k+D)x (k+1)!
=(k+D)!'-1+(k+D)x(k+1)!
=(k+D'A+(k+1)-1

=(k+D!(k+2)-1

=(k+2)!-1

Thus, the statement is true when n=k +1.
Therefore, the statement is true forall neZ".

SE Production Limited

R1
M1

M1Al
Al

Al

R1

[7]



When n=1,

s [}

LHS.=1
RHs. - 1*D

RHS.=1

Thus, the statement is true when n=1.

Assume that the statement is true when n=Kk.

@+@++@= s

When n=k +1,

()
A

k(k+1)
2

+(k+1)

=(k +1)E+1}

_(k+D(k+2)

=

_(k+D((k+1)+1)

- 2

Thus, the statement is true when n=k +1.

Therefore, the statement is true for all ne Z*.

SE Production Limited

R1
M1

M1Al

Al

Al

R1
[7]



When n=1,

LHS.=1°

LHS.=1

R.H.S.=1

RH.S.=1

Thus, the statement is true when n=1.

Assume that the statement is true when n=Kk.

P+22+.. +k¥<k?

When n=k +1,

P+2+.. .4k +(k+1)°

<k*+(k+1)°

=k* +k®+3k*+3k +1

<k*+4k®+6k? + 4k +1

=(k+1)*

Thus, the statement is true when n=k +1.
Therefore, the statement is true forall neZ".

SE Production Limited

R1
M1

M1Al

Al
Al

R1
[7]



1.

When n=1,

9" +11=92

9" +11=4(23)

Thus, the statement is true when n=1.
Assume that the statement is true when n=Kk.

91 +11=4M , where M €Z.
When n=k +1,

ok 411 =9(9") +11

ok 1 11=9(4M —11)+11

9trD* 111=36M —88

o+t 4 11=4(9M —22), where M —22 € Z.
Thus, the statement is true when n=k +1.
Therefore, the statement is true for all neZ".

When n=1,

9'-4'=5

9' — 4" =5(1)

Thus, the statement is true when n=1.
Assume that the statement is true when n=Kk.
9 —4*=5M, where M €Z.

When n=k +1,

gkl _gk+t _ g(gk) gkt

gk _gk+t _ 9(5M +4k) 4k

oK+ 4% —A5M +9(4%) —4(4%)

9" 41 =5(9M +4*), where OM +4* € Z.
Thus, the statement is true when n=k +1.
Therefore, the statement is true for all neZ".

SE Production Limited

Al

M1

M1
Al

M1
Al

R1

Al

M1

M1
Al
M1
Al

R1

[7]

[7]



When n=1,

r-41)=-3

1*-4(1) =3(-1)

Thus, the statement is true when n=1.
Assume that the statement is true when n=Kk.

k®—4k =3M , where M €7Z.
When n=k +1,

(K+1)° -4k +1) =k®+3k* +3k +1-4k —4

(k+1)° —4(k +1) = (3M +4k) +3k* +3k +1—4k — 4
(k+1)®—4(k +1) =3M +3k*+3k -3

(k+1)° —4(k +1) =3(M +k*+k —1), where
M+k*+k-1eZ.

Thus, the statement is true when n=k +1.
Therefore, the statement is true forall neZ".

When n=1,

16" +12(1) +8=36

16" +12(1) +8=9(4)

Thus, the statement is true when n=1.
Assume that the statement is true when n=Kk.

16X +12k +8=9M , where M € 7.
When n=k+1,

16" +12(k +1) +8 =16(16") +12k + 20

16" +12(k +1) +8 =16(9M —12k —8) +12k +20
16" +12(k +1) +8 =144M —180k —108

164" +12(k +1) +8 =9(16M —20k —12) , where

16M —20k -12 e Z.
Thus, the statement is true when n=k +1.

Therefore, the statement is true for all ne Z".

SE Production Limited

Al

M1

M1
Al
M1

Al

R1

Al

M1

M1
Al
M1

Al

R1

[7]

[7]



Chapter 6 Solution

1.

(a)

(b)

Suppose N is an odd number. M1
N? is an odd number and 8N is an even number Al
N?+8N isan odd number

N2 +8N +10 is an odd number, which contradicts

with the statement N2 +8N +10 is an even number.
Thus, if N?+8N +10 is an even number, then N

is also an even number. AG
Let P=1and Q=-1. Al
[P-Ql=[-(-D)|

P-0/=P2

P-ql-2

[Pl-[Ql =i -|-4 M1
Pl-[0]=1-1

[P[-[Q[=0

~|P=Q>[P[-[Q]

Thus, |P-Q|<|P|—|Q| is not always true. AG

SE Production Limited

[2]

[2]



€)) Suppose L+XL4 =0 has real solution. M1
X+2 2

2(x+2)(i+i4j=o
X+2 2
2+(x+2)(x+4)=0 Al
2+ X +6x+8=0
X2 +6x+10=0
A =6%—4(1)(10) Al
A=-4
A <0, which contradicts with the statement
i+XL4 =0 has real solution.
X+2 2
] 1 X+4
Thus, the equation —— +——=0 has no real
X+2 2
solution for all real values of x. AG
[3]
(b) Let a=2 and b=0.5. Al

a 2
gb — @05
a
eb =e
e* +e” =e* +e%° M1
ea +eb :eO.S(el.S +1)
As e*° <e” and e"° +1<e?, e*°(e"* +1) <e®-€’

a

-.eb>etteb

a
Thus, e <e®+e” is not always true. AG

[2]

SE Production Limited



(@)

(b)

Leta=—1and b=2. Al

M1

11
¥>F

Thus, iz < iz is not always true. AG
a b

[2]
Suppose 2*+1, 22 +1, 2* +1, ... is an arithmetic
sequence. M1
2% +1) - (2* +) = (¥ +1D) - (2** +1) Al
22 41-2"—1=2%41-2% -1
22x _ 2x — 23)( _ 22><
20X —1=2"%_-2"
(2¥)? -=2(2)+1=0 Al
(2 -1)*=0
2"-1=0
2" =1
x =0, which contradicts with the statement x is a
positive real value.
Thus, the sequence 2% +1, 2 +1, 2* +1, ... is not

an arithmetic sequence for all positive real values
of x. AG

[3]

SE Production Limited



(@)

(b)

Let x=0.25.
log, x=1og, 0.25

log, x =log, 27
log, x=-2

log, x=1og, 0.25
log, x=1log, 4™
log, x=-1
~.log, x <log, x

Thus, log, x>1log, x is not always true.

Suppose log x, logx?, logx®, ... is a geometric
sequence.

logx*>  log x°
logx logx®
2logx _ 3log x

log x N 2log x

2= g , Which arrives at a contradiction.

Thus, the sequence log x, log x*, logx®, ... is not

a geometric sequence for all positive real values
of x.

SE Production Limited

Al

M1

AG
[2]

M1

Al

Al

AG
[3]



Chapter 7 Solution

1. cos2a =1-2sin’*
2 2
cos2a =1-2 (gj (A1) for substitution
CoS2a = 1
9
1 .
secdq =—— (M1) for valid approach
cos2(2a)
secda = +
2C0S° 2 -1
secdo = % Al
z(lj 4
9
secda = 8 Al
79

[4]

SE Production Limited



tana =+/sec’ a —1

tana =

tana =—
tan 2a = 2tan2a
—tan“ o
(3]
tan 2a = >
4
{5
3

SE Production Limited

(M1) for valid approach

(A1) for substitution

Al

Al
[4]



. 3
COSOH—SIna:?

(cosa +sina)’ = [?J

2 ; P02 3
COS”“ &+ 2SIN x CoS & +SIn a:4

1+sin2a = §
4
sin2¢ = —1
4

seCdog=——
cos2(2cx)

N
1-2sin?2a
1

secda :§
7

secda =

sec4a =

SE Production Limited

(M1) for valid approach

Al
(A1) for correct value

(M1) for valid approach

Al

Al
[6]



(seCa+tana)2:g+25eCatana
2 2 3
sec’ a+2secatan o +tan a=E+ZSeCatana
sec2a+tan2a:g
2 2 3
1+tan® o +tan aZE
2tanzoc=1
2
tan"'ozz1
4

tana = % or tana = —% (Rejected)

1-tan’ «
2tana

)

cot 2« :§
4

cot2a =

cot2a =

SE Production Limited

(M1) for valid approach

Al

(A1) for correct value

(M1) for valid approach

Al

Al
[6]



1.

tan 2x =tan x

2tan x
————=tanx
1-tan” x

2tan x = tan x(1L—tan” x)
tan x(2—(1—tan” x)) =0

tanx =0 or tan® x=—1 (Rejected)
X=0, X=m, X=27, X=37 or Xx=4r

cosec’x+2cotx=0
cot’x+1+2cotx=0
cot’x+2cotx+1=0
(cotx+1)* =0

cotx=-1
tanx=-1
3T
X=—
4

sec’ 2x+tan2x =1
tan? 2x+1+tan2x =1

tan® 2x+tan2x =0
tan 2x(tan2x+1) =0

tan2x=0 or tan2x=-1

2X=7m, 2X=2m or 2x:7z—%, 2x:27r—%

(A1) for substitution

(M1) for valid approach

Al
A2

[5]

(A1) for substitution

(A1) for factorization

Al
Al

[4]

(A1) for substitution

(A1) for factorization
Al

: 7 .
.‘.x:%ﬂ (Rejected), x=%, x=§ or Xx=rx (Rejected) A2

SE Production Limited

[5]



tan x+cotx=4
SinX COSX
—+—=4
COSX SInX

sin® X+Cos* X _
sinxcosx

1=4sin xcos X

1=2(2sin xcos X)

4

sin 2x=1
2

2x="or 2x=r-2
6 6

T 11z
X=— or X="1
12 12

SE Production Limited

(A1) for substitution

(M1) for valid approach

Al

A2
[5]



1.

cosa =+/1-sin’a
2
CoOS¢ = 1—(gj
5
CoSa = g

sin 3 = \[1-cos? 8

. 3Y
sin = 1{6)

. 4
sinff=—
4 5

cos(a—2p) =cosacos2f+sinasin2f

cos(a —2,3) = cos a(2cos’ B—1) +sin a(2sin S cos f)

cos(a—2p) =

cos(a—2p) =

cos(a—2p) =

(6

F)R)-

—7J21+48
125

BEEBE

SE Production Limited

J

(A1) for substitution

(A1) for substitution

Al
Al

(A1) for substitution

Al
[6]



T

seca =+/1+tan’a

2
Seco = 1+(§j
4

seca =—

4
S.CoSa =—

5
sina =+1-cos’ a

sing = 1—(

i

sin 8 = /1—cos’

(SRS

Sing =

gl w
]

| (BY
sinf = —K?]
sinﬂ:g

sin(fe+2p) =sinacos2f+cosasin2f3

sin(a +2/) =sina(2cos” f-1) +cos a(2sin Bcos )

B (222

125

sin(a+2m_(gj[2(

s (2

sin(a +2) =

574866
125

SE Production Limited

(A1) for substitution

(A1) for substitution

(A1) for substitution

Al
Al

(A1) for substitution

Al

[7]



T T
COS| X+— |=C0S—COS X
6 3

T . . T T
COS X COS — —SIN XSin — = C0S — COS X
6 6 3

3

1. 1
——C0SX——SIN X =—C0S X
2 2 2

\/§cosx—sinx:cosx
\/§cosx—cosx=sinx
sin x = (v/3—1) cos x

tanx =3 -1
s.a=1,b=-1

tan(x+£)=2
4

tan x+tan
4

_ =2
1—tanxtan§

4
tan x+1_2
1-tanx

tan x+1=2(1—tan x)
tanx+1=2-2tan x
3tanx=1

1
tanx=—

sec? x =1+tan® x

2
sec?x=1+ (1)
3

sec? x _10
9

SE Production Limited

(A1) for substitution

(A1) for correct values

Al

A2
[5]

(A1) for substitution

(A1) for correct value

Al

Al

Al
[5]



1.

(a)

(b)

1-tanx>0
tan x <1

tan _z <tanx£tanz
2 4

V4 VA
~Zax<=

2 4
Thus, the largest possible domain of f is

{x:—£<xs£}.
2 4

y =+1-tanx
= ity
x> =1-tany
tany=1-x°

y = arctan(1—x*)

- F7H(x) = arctan(1l— x*)

SE Production Limited

Al

Al
[2]
(M1) for swapping variables

M1

Al
[3]

10



(@)

(b)

. T
arcsin X_E >0

. T
arcsin x = E

8

T .
ESarcsmxS—

N

. T f
SIHESXSSIH—

NN

l£x£1
2

Thus, the largest possible domain of f is

{x:13xgl}.
2

. T
=2, larcsin X ——
y \j 6
. T
=X=2 farcsm y—g
X f ) T
= — = Jarcsiny ——
2 6

NG ) T
Z=arcsiny—=
4 6

2
T

arcsiny =X7+€

=sin X—2+Z

y 4 6

- f7(x) =sin X—2+z
h 4 6

SE Production Limited

Al

Al

Al

[3]

(M1) for swapping variables

M1

Al

[3]

11



(@)

(b)

Let A=arctan % and B= arctan% .

A+ B =arctan i

m
tan(A+B) = tan A+tan B
l1-tan Atan B
1 1
1 3"7
=0H
3\ 7
10
1. 2
m 20
21
1 1
m 2
“m=2

tan(2A+B) =tan(A+ A+ B)

tan A+tan(A+ B)
1—tan Atan(A+ B)

tan(2A+B) =

tan(2A+B) -3 2

tan(2A+B) :%
6
tan(2A+B) =1
2A+B="

4

;. 2arctan 1 +arctan l =
3 7

NG

SE Production Limited

(M1) for valid approach

(A1) for substitution

Al
[3]

(M1) for valid approach

(A1) for substitution

Al
[3]

12



(@)

(b)

Let A=arctan % and B= arctan% .

A—-B =arctan 1
r

tan(A—B) = tanA-tanB (M1) for valid approach

1+tan Atan B

—— 5 7 (A1) for substitution

~.r=18 Al
[3]

arctan5—arctan7 = (% —arctan %) — (% —arctan %) (M1) for valid approach
1 1
arctan5—arctan7 = —(arctan g —arctan 7j

arctan5—arctan 7 = —arctan % Al

[2]

SE Production Limited

13



1.

(a)

(b)

(@)

(b)

f(—x)=f(x)
a(—x) +bcos(—x) =ax +bcosx
—ax+bcos x =ax+bcos x

—ax = ax
0 =2ax
a=0
beR
f (=x)
h(—x) = -~/
A
f(x)
h(=x) =
R
h(-x)= %)
—X
f(x)
h(—x) = —
=4
h(=x) = —h(x)

Thus, h is an odd function.

f(=x) = f(X)

b b
asec(—x)——=asecx——
—X X

b b
asecXx+—=asecx——
X X

aeR

2 _,
X

b=0

h(=x) = f(=x)+9(-x)
h(=x) = f (X) +sin 4(—x)?
h(—x) = f (X) +sin 4x?
h(=x) = f (x) + 9(x)

h(=x) =h(x)

Thus, h is an even function.

SE Production Limited

(M1) for valid approach

Al
Al

[3]
M1
Al
AG

[2]

(M1) for valid approach

Al

Al

M1

Al

AG

[3]

[2]

14



(@)

(b)

(a)

(b)

f(—X) =

. =X
sin—
2

f(-x) =

. X
—sin—
2

f(=x)=[-4

X
sin —
2

f(—X) =
f(=x)=1(x)

Thus, f isan even function.

. X
sin—
2

h(x) =g(f (x))

1
"= Ly

1
)= o)y
1
)= o)y
h(~p)=h(p)
~h(=p)=q

f (—x) = (—x)*cosec2(—x)
f (—x) = x*(—cosec2x)

f (—x) = —x?cosec2x
f(=x)=-1(x)

Thus, f isan odd function.

h(x) = g(f(x))

h(x) = tan f (x)

h(L.1) = tan f (1.1)
h(L.1) = tan(~ f (~1.1))
h(L.1) = —tan f(~1.)
h(1.1) =—-g(f(-1.1)
h(.1) =—h(-1.2)
~hL1)=—r

SE Production Limited

M1

Al

AG
[2]

(M1) for valid approach

Al
[2]
M1
Al
AG
[2]

(M1) for valid approach

Al

Al
[3]

15



(@)

(b)

B 4 4
27
— =7

B
B=2 Al
3= Acosecz(%j +C
3=A+C
C=3-A
Z = Acosec?2 (3—j+ C
3 4
g =-A+3-A (M1) for substitution
—g=—2A

3
Al Al

3
C :3—1
3
c.8 Al
3
[4]
7

{y:ysg ory23} Al

[1]

SE Production Limited

16



(@)

(b)

(a)

(b)

C=-1-A

2= ASEC(Z—EJ+C
2 6

nL2=2A+(-1-A)

A=3

C=-1-3
C=-+4

{y:y<-7ory>-1}

x:i, x=1and x=
2

SE Production Limited

Al

(M1) for substitution
Al

Al

[4]
Al

[1]

(M1) for valid approach

Al

Al

Al
[4]
A2
[2]

17



(@)

(b)

T—4= Acosec;r(gj +C

r—4=-A+C
C=r—4+A

T+4= Acosecw(gj +C

Sr+4=A+7-4+A
=2A

(o)

O 0>
Il

4
r—4+4
V4

f(x)=8+rx
4dcosecrX+rx=8+rx
4coseczx =8
cosecrX =2

. 1
sinzx =—
2

T T T
AX=—, IX="——, IX=—+27
6 6 6

T
or 7rx=7r—€+27r

1 5 13 17
X==,X=>,X="o0f X=—
6 6 6 6

SE Production Limited

Al

(M1) for substitution
Al

Al
[4]

(Al) for setting equation

Al

A2
[4]

18



1.

@ For correct shape Al
For correct asymptote Al
For correct intercept Al
)
- A
y:|lcn ec(f-(y;-i-l)“ 4
4 4 7))
2

e N_]0.354

[3]

(M1) for valid approach

-3 —2 -1 (@) 1
2
x=-1
4
(b) 1cosec(z(x +1)j +x=0

4 4

By considering the graph of

y= %cosec(% (x +l)j +x, Xx=-1.255283.

S X=-1.26 Al

SE Production Limited

[2]

19



@ For correct shape Al
For correct intercepts A2

[3]

@)

y=|secmrx—2

I

\ 4
=

25 0 0.25

R
I\

\

\

/

)/

N

W | —

o

(b)  |seczx—2/>1
seczx—2|-1=0
By considering the graph of y =|seczx—2|-1,

X <-0.391826552, x =0 or x>0.391826552 . (M1) for valid approach
5. —0.5<x<-0.392, x=0 or 0.392<x<0.5 A2

[3]

SE Production Limited



(a)

(b)

For correct shape A2
For correct intercept Al
[3]
¥
A
6
y= |cosec(£-x\1n x|
s g/
4 /
/
2 \ /,/
|\

of 1 2 4 6 o
cosec(% len X|+X>4

T
cosec(g len X|+X—=4>0
By considering the graph of
y= cosec(% xj Inx|+x—4, x<0.5032849 or
X >2.8380063. (M1) for valid approach
~.0<x<0.503 or 2.84<x<7 A2

[3]

SE Production Limited

21



(a)

(b)

For correct shape Al
For correct asymptote Al
For correct intercepts Al
I
h A
| 4
!
X=——1
: =e cot(x+£)
: y= p
1 1
-2 i ™~ .
~~ ! O 7\1
\\ | 4\
\ \\

k >—0.0503534375
k >—0.0504

SE Production Limited

A2

[3]

[2]

22



Chapter 8 Solution

1.

L, and L, are perpendicular.
k-1) (k+2
20 |-|k=2|=0
-10 k

(k =1)(k +2)+(20)(k —2) + (-10)(k) =0
k?+k —2+20k —40—10k =0
k?+11k—42=0

(k+14)(k-3)=0

k=-14 or k=3

" The angle between L, and L, is not perpendicular.
-4k (k
k |-]1]#0
0 1
(—4k)(k) + (k)@) +(0)(@) =0
—4k* +k #0

4k? -k #0
K(4k—1) %0

k=0 and k;«z&1
4

SE Production Limited

(M1) for setting equation

(A1) for correct approach

A2
[4]

(M1) for setting equation

(A1) for correct approach

A2
[4]



X=7+4s X =15+6t

L:qy=5+3s, L,:qy=-8-5t
Z=-S z=1

-s=1
s=-1

X=7+4(-1)=3
qy=5+3(-1)=2

z=—(-)=1

Thus, the coordinates of P are (3,2,1).

Xx=Kk+3s X=5+t
L:<y=-5-4s, L, :qy=3+2t
z2=-4-3s 72=2+t

—4-35=2+t
t=—6-3s
—5-4s5s=3+2t

.. —5-45=3+2(-6-35)
—5-45=-9-65
2s=—4

s=-2
t=-6-3(-2)
t=0

kK+3s=5+t

S k+3(-2)=5+0
k=11

SE Production Limited

(M1) for valid approach

(A1) for correct approach

(M1) for substitution

A2
[5]

(M1) for valid approach

(M1) for substitution

Al

Al

Al
[5]



1. @)

(b)

(©)

-

RP = OP—OR
RP = OP—(0Q+QR)
éﬁ:dﬁ%db+gdb)
— - 5 -
RP = OP—~00Q
> 5
RP=p—>

p—>d
RT = RP+PT
R?:RE+%P6
- - 4 - -
RT = RP+-= (0Q-OP)
RT =RP+200-2 0P

5 % 5

> 5 4 4
RT:D——Q+—Q—gp

= 17
=—p——ﬂ

TS=RS-RT
TS=0S-OR-RT

- 3% -

TS=_-0P--0Q- RT

r5=Sp-2 _F;_EZ)
P50~ £P-35¢

_9—§p—§q——p ! 100
5" 2

o2 4

S=Zp-=
57 51

SE Production Limited

(M1) for valid approach

(A1) for correct approach

Al

[3]
(M1) for valid approach

(AL) for correct approach
(A1) for substitution

Al

[4]
(M1) for valid approach

(A1) for correct approach

(A1) for substitution

Al
[4]



(d)

TS—ART =1.2,

> 4 (117
ip-Zq-alzp-ttq|=12
P—cd (SD 10(1] 1
2 4

1, 17
fp-Sq-ZAp+--Aq=12
sP—gd- AP+ Ad=12u0

4 17
24T (2)=1.2
c 10() u
2.6=1.2u

_B3

=%

SE Production Limited

(M1) for substitution

(A1) for simplification

Al

(M1) for substitution

Al
[5]



(a)

(b)

Let PS:SQ=a:b.

—> -

0S=0P+P
0S=0P+—2 PQ
a+b
0S=0P+—2_(0Q-OP)
a+b
- a -
0Q--2 op
a+b Q a+b
> b

0S=— 0oP+—2 00
a+b a+b

b a
Lo+ f=—+r—
a+p a+b a+b
.'.a+,B:9iE
a+b

a+p=1

0S=0P+

OH = OP+PH
O_)H:OﬂP+gPﬁR
- - 3 - -
OH = 0P+ = (OR-OP)
OH= ch>+§(1 0Q- SP)
5\ 2
- 3(1
OH=p+2|Zq-
p 5(4q p)
> 3 3
OH=p+>q->
p+o5d-cP

=N

2 3
OH=—p+—
5p 20q

SE Production Limited

M1
Al

Al

M1

AG
[4]
(M1) for valid approach

(AL) for correct approach

(A1) for correct approach

(A1) for substitution

Al
[5]



(©)

(d)

Let O_)S:CO_)H, c=0.

g 2 3
OS=c| —p+—
[5r0)

2 3
OS=—-cp+—c
5 P 20 a

(M1) for valid approach

.'.gc+ic:1 Al
5 20
Lo
20
c=20 Al
11
'.O%S:g 20 p+i 20 q
5(11 20\ 11
2. 8 3
OS=—p+— Al
11IO 11q
[4]
RS = 05— OF M1
R?S:(;S—%OﬁQ
> 8 3 1
RS=—p+—q-=- Al
11p 11q 4q
> 8 1
RS=—p+—
11p 44q
Therefore, F\?S is not a multiple of p. R1
Thus, RS and OP are not parallel. AG

[3]

SE Production Limited



(a)

(b)

p-q=|p||alcosPOQ
24 = (8)(6) cosPOQ

cosPOQ = %

POQ =60°

> > - - -

OR-PQ = OR: (OQ-OP)

> > (1 5
OR-PO=|=p+2ql-(g-
Q (6p+9qj (Q-p)
> oo 1 1 5 5
OR-PO==p.g-=p-p+>g-d->qg-
Q sP-d—gp-Prod-d—cd-p
> = 1 1 2 5 2 5
OR-PO==p-g—=|pf +2|af -2p-
Q sPd 6||0|+9|q| gPd

OR-PQ = %(24) —%(8)2 +g(6)2 —3(24)

OR-PQ=4-32,90-20
3 3

OR-PQ=0

.OR 1 PQ

PR-0Q = (OR-0P)-0Q

- - 1 5
PR'OQ=(EP+§q—pj'q

— - 5

5 o

PR.0Q = 20+ 20

PR-0Q =0
~PRLOQ

SE Production Limited

(M1) for valid approach
(A1) for substitution

Al
[3]
M1

Al
Al

Al

AG

M1

Al
Al

Al

AG
[8]



(©)

SH = A0R

- 1 5
SH=4| —p+—
(6'0 9qj

> 1 5
SH|=A|=p+=
‘6'0 9q‘

J39 (1 5 j(l 5 j

L——=A] =p+=q || =p+=
3 6" 94 sP o

J39 1 5 25
T =pp+—p-g+—"q-

3 3P P P a+ g ad
J_‘ J ; 5 25 2
3 [P +o7p-a+ ol
F 25 .
N —8 —m (3

3 @) +—( )+81()
@:ﬁ 52

3 3
@_\/1561

3 3
P

2

SE Production Limited

(M1) for setting equation

(A1) for correct approach

(A1) for substitution

M1

Al

[5]



(a)

(b)

QU LOP
~.QU-OP=0
(OU-0Q)-0P =0
(OU-q)-p=0
OU-p-q-p=0

p-q=0U-p
PU 1 0Q

-~ PU-0Q=0
(OU-0P)-0Q=0
(OU-p)-q=0
OU-q-p-q=0
p-q=0U-q
.'.p-q:O%U~p:O%U~q

Q,
I
Ii

(OP+ PH)

o,
)

Q,
I

— 1~
OP+—=P
2 Qj

cﬁ+%mb—6hj

Q,
[l
WIFE WIN WIN WIN WIN Wi wiN

> 1
oV = p+§m—pﬂ
> 1 1
OV=—|-p+=
2p 2q)

> 1
OV=—p+=

p 3q

SE Production Limited

M1

Al

M1

Al

AG
[4]

(A1) for correct approach
(M1) for valid approach

(A1) for correct approach

(A1) for substitution

Al
[5]



(©)

- (2WV=VU) = g (2(0V—0OW) — (OU-0V))

- (2WV-VU) =g (30V—20W-0U)
q-(2WV—VU) =3q-OV—2q-OW—q-OU
q-(2V\7V—\7U)=3q-(%p+%q)

—2|q|‘OW cosWOK —p-q

q-(2V\7V—\7U)=p-q+|q|2—ZIQI(@j—p-q
q-@WV-VU) =p-q-+[g| —|o ~p-q

q-@WV—VU) =0

SE Production Limited

M1Al

Al

M1

M1Al

M1Al

AG

[8]

10



1.

@ %[(p+q)x(q+r)]-(r+p)

=%[(p+q)xq+(p+q)xr]-(r+p)

1
=§[pxq+qxq+pxr+q><r]~(r+p)

=%[pxq+0+pxr+qxr]-(r+p)

:%[pxq-(r+p)+pxr~(r+p)+qxr~(r+lo)]

=%[(pxq>~r+(pxq)-p+(pxr)-r
+(pxr)-p+(@xr)-r+(qxr)-p]

:%[(pxq)-r+0+0+0+0+(q><r)-p]

=%[<pxq>-r+(p><q)-r]

=%[2(p><q)-r]
—(pxq)-r

SE Production Limited

M1

Al

M1

M1

Al

Al

AG

[6]

11



(b)

px(gxr)+(p-q)r
=px ((qli + qzj + Q3k) X (r1| + rzj + rak))
+H((pyi + P,J+ PoK) - (i + 0, + g:K)r

p1 qz rs - q3 rz r1
=| P, |X| O, —Q,F; |+ ( P, + P4, + p3q3) r
p3 qer - q2r1 r3

P, (qer _q2r1) —Ps (qsrl _qlrS)
=| Ps (qzrz - Q3r2) - pl(erz - qul)
pl(q3r1 - qlr3) — P, (qzrs - qsrz)
(PG, + P,0, + P3G3)1,

(PG, + P20, + Pss)T,

(PG + PG, + PyGs)Ey

P20, — P20,1 — Pslslhh + PsGyls
=1 Palxl3 — Pl — PG, + POl
P31 — PGl — P20,15 + P05l
PGy + Po0,1 + Pyl
| POl + P20,1, + PsG5l;
PGi13 + P20,15 + P3lals
PuOhl + PGl + Psthly
=| POzl + P20,1; + P30yl
PG5l + Po051; + P30l
(Pif + P15, + Pal) G

= (plrl TPl + psrs)qz
(i + PoF, + P3 )G
= (plrl + Pl + para)q
=(p-1)q

+

SE Production Limited

M1

A2

A2

M1

Al

Al
AG
[8]

12



(©)

Similarly, gx(rxp)+(q-r)p=(g-p)r and
rx(pxq)+(r-p)a=(r-q)p.
Spx(@xr)+gx(rxp)+rx(pxq)
=((p-r)a—(p-aq)r)+((a-p)r—(a-r)p)

+((r-q)p—(r-p)a)

=(P-Na-(p-a)r+(@-p)r-(q-rp

+(r-q)p—(r-p)q

=(r-p)d-(P-qr+@E-aq)r-(q-rp

+(@-rp-(r-p)q
=0

SE Production Limited

Al

Al

Al

AG
[3]

13



(a)

(b)

(©)

gxr=gx(0-p-q)
gxr=qx(-p-q)
gxr=qgx(-p)—-qxq
gxr=—-gxp-qgxq
gxr=—(—-pxq)-0
gxr=pxq
rxp=(0-p-qg)xp
rxp=(-p—qg)xp
rxp=—pxp—-qxp
rxp=0-(-pxq)
rxp=pxq
Spxg=gxr=rxp

p=A1q

r=0-p-q

r=-4q-q

Spxg—Qgxr—rxp
=A0xq—-Qgx(-49-0q)—(-Aq—q)x Aq

= Aqxq—-qgx(-Aq) +qxq—(-4Aq) x Aq+qxAq
= Aqxq+Agxq+qxq+A°gxq+Agxq

=(A* +31+1)qgxq

= (A +31+1)0

=0

pxg=gxr=rxp

[P =[axr|=[rxp]

19|/ sin QRP =g |r|sin RPQ = p]|r[sin POR
Ip|[q[sinQRP _ |q[|r|sinRPQ _ |p||r|sin PQR
pllallrl [pllallrl pllallr
sSinQRP _ sinRPQ sinPQR

L T

. sinRPQ _sinPQR _ sinQRP

R

SE Production Limited

Al

M1

Al

Al

M1
Al

AG

Al

M1

Al

AG

M1
Al

M1

AG

[6]

[3]

[3]

14



(d)

[-p[" +[a]” ~2|-pl[a] cos QRP
=[-p[" +|d" ~2(-p)-q

=|o[" +[o* +2p-q

=p-p+p-q+p-q+q-q
=p-(P+a)+q-(p+0q)

=(p+0q)-(p+0q)
=lp+af
=|~(p+q)[’

=Irf

SE Production Limited

Al

Al

M1

M1

M1

AG

[5]

15



(a)

(b)

(©)

r=Ap+q

[ =|p+qf

I = (Ap+0)-(Ap+0)

Ir|° =p-2p+Ap-q+q-2p+q-q
/[ = 4%-p+2p-q+44-p+q-q
Ir|° =A% -p+2p-q+p-q+q-q
rf = 22[pf +24p-q+af

(P+g+r)-(px(q+1))
=(p+q-+r)-(pxg+pxr)
=p-(pxQ)+q-(Pxa)+r-(pxq)
P (Px1)+q-(Pxr)+r-(pxr)
=0+0+r-(pxqg)+0+q-(pxr)+0
=(pxQq)-r—q-(rxp)

=0

V-(p—V): % q[p_ %JqJ
q

v-(p-v)=| 23
al
V.(p—v):(p'qz) _(p'fp q-q
al gl
V'(p—v):(p‘fg) _(p'CP |q|2
ql gl
v-(p—v)=(p'g) _(D-CZI)
el q]
v-(p—v)=0

SE Production Limited

)

M1
Al

M1
AG

[3]
M1
M1

Al
M1
AG

[4]

M1

Al

Al

AG
[3]

16



cosf = Al
|

secl = M M1

V]

2

sec’ = @ Al

vi

M1

Al

AG

[5]

SE Production Limited



(@)

(b)

- —

PN =PQ+Q

- ﬂ. -

PN=r+——QR
/1+1Q

PN =r+—"— (PR—PQ)
A+1

> A
PN=r+——(q-r
/’t+1(q )

> A+1 A A
PN = r+ - r
A+l A+1 A+1
P_) :Lqﬁ_i
A+1 A+1
PN L QR
PN-QR =0

(Aq+r)-(q-r)=0
Aq-(q-r)+r-(q-r)=0
Aq-(@-r)=-r-(q-r)
Aq-(-r)=r-(r-q)
PO G

q-(q-r)

SE Production Limited

(A1) for correct approach

(M1) for valid approach

(M1) for valid approach
Al

[4]

M1

Al

M1

M1

AG

[4]

18



(©)

2 1 r-(r—q)
’ _r~(r—q)+1[q,(q_r)q+rj
q-(@-r)
r-(r-a
S 1 q-(q-r)
F>'\l_r-(r—<:1)+q-(q—r) La@-n,
9-@-r) a-@-r{ g-(g-r)
r-(r-q
pNo_ d:@-n q-(@-r)
r-(r-a)+q-@-r)} ,a-(@-n
q-(@-r)

pr 2 (- (r=a)a+(@-(q-r)r
r-(r-q)+q-(@-r)

pr 2 (T (r=a)a+(@-@-n)r
r-(r-a)-q-(r-a)

pr 2 (T (r=a)a+(@-@-n)r

(r-q)-(r-a)
pr = (C(r=)a+@-@=n)r
r=d

r—q’PN=(r-(r—))q+(q-@-r)r

(r-(r—a)a-+(a-@-r)r—|r—af PN =0

SE Production Limited

M1

M1

Al

M1

Al

Al

M1

AG

[7]

19



x=15+6¢ x=-3s
L:3y=11+3t, L,:qy=T+2s
z=6+2¢ z=8+6s
15+6t=-3s
s=-5-2t
11+3t=7+2s
SA1+3t=T7+2(-5-2¢)
11+3t=-3-4¢
Tt =-14
t=-2
x=15+6(-2)=3
y=1143(-2)=5
z=6+2(-2)=2

Thus, the coordinates of C are (3,5, 2).

SE Production Limited

(M1) for valid approach

(M1) for substitution

Al

(M1) for substitution

Al
[5]

20



(b)

(c)

(d)

The coordinates of A and B are (15,11, 6) and

(0,7, 8) respectively.

CA = (15i+11j+6k) - (3i + 5j+ 2K)
CA =12i+6j+4k

CB = (7j+8K) - (3i+5j+2K)

CB=-3i+2j+6k
The area of the triangle ABC

llcAxCB

:%|(12i+6j+4k)><(—3i+2j+6k)|

. (6)(6)—=(4)(2)
= 5| D) =A2)6)
(12)(2)=(6)(-3)

=%|28i—84j+42k|

=%(l4)|2i—6j+3k|

=722 +(=6)* +3°

- 49

The vector equation of the line L, :

3 2
r=|5|+u| -6
2 3

x=3+2u
y=5-6u
z=2+43u

3+2u=173
2u=70
u=35

d =2+3(35)
d =107

SE Production Limited

(A1) for correct values

Al

Al

(M1) for valid approach

Al
Al
[6]

(A1) for correct values

Al

[2]

(A1) for correct value

Al
[2]

21



(e)

CD = (73i—205j+107K) — (3i + 5§+ 2k)

CD = 70i —210j+105k
The volume of the pyramid ABCD

- %(49)(\/702 +(=210)° +105%)

= %(49)(35)(« [22 +(=6)* +3%)

=§M%oﬂw>

12005

3

SE Production Limited

Al

MIA1

Al

AG

[4]

22



(a)

(b)

(©

X=8+2t X=6+s
L:4 y=8 | L: y:8+2x/§+\/§s
=7 =7
8=8+23+4/3s
—2«/§:«/§s

s=-2

X=6+(-2)

X=4

Thus, the coordinates of C are (4,8,7).

(i++3)-j =i +3j||j|cos &
OO +(B)D) = (L’ +(3)*) (1) cos §
\/§: 2cosd
cosezﬁ
2
0 =30
The coordinates of A and B are (6,8, 7) and
5, 8++/3, 7) respectively.
CA = (6i +8j+ 7K) — (4i +8j+ 7K)
CA =2i
CB = (5i + (8+/3)j + 7K) — (4i +8j + 7K)

CB=i+3j
CA-CB =|CAl|cBlcos ACB

2i- (i +/3j) =|2i|‘i +ﬁj\cosAéB

2@+ (0)(x/3) = )12 + (\3)?) cos ACB

2 =4cos ACB
cosACB :%

ACB = 60°

SE Production Limited

M1

Al
M1

AG
[3]
(M1) for valid approach

(AL) for correct approach

Al
[3]

(A1) for correct values

Al

Al

(M1) for valid approach

(A1) for substitution

Al
[6]

23



(d)

(€)

CA=CB=2
The area of the triangle ABC

:%(CA)(CB)sin ACB

= % (2)(2)sin60°

:r{ﬁj
2
-3

Let h be the height of the prism ABCFED.
The triangle ABC is an equilateral triangle.

- 243 +3(2h) =2(30++/3)

23 +6h=60+24/3

6h =60

h=10

The volume of the prism ABCFED
= (\/3)(10)

=103

SE Production Limited

(M1) for valid approach

(A1) for substitution

Al

M1Al

Al

Al

[3]

[4]

24



(a)

(b)

(©)

X =14-5t
L :qy=18-6t
2=8-2t
(14-5t)+6=(8—-2t)+6
20-5t=14-2t
6=3t
t=2
x=14-5(2)=4
qy=18-6(2)=6
2=8-2(2)=4

Thus, the coordinates of P are (4, 6, 4) .

a+6=3+6
a=3

RQ = —4i—4j—k

-.0Q-OR =—4i—4j—k

(14— 5t)i + (18— 6t)j+ (8 — 2)K) — (3i + 4+ 3K)

= —4i—4j—k

14-5t—3=—4

5t =-15

t=3
x=14-5(3) = -1
y=18-6(3)=0
7=8-2(3)=2

Thus, the coordinates of Q are (-1,0, 2).

SE Production Limited

(M1) for valid approach

(M1) for setting equation

Al
(M1) for substitution
Al
[5]
(M1) for setting equation

Al
[2]

(M1) for valid approach

(A1) for correct value

(M1) for substitution

Al
[4]
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(d)

PQ = (=i + 2K) — (4i + 6j + 4K)
PQ = —5i—6j— 2k

PR = (3i + 4+ 3K) — (4i + 6 + 4k)

PR =—i—2j—k
X+6=-4=x=-10
y214=—4:> y=-22

7+6=-4=17=-10
PS = (—10i — 22 —10K) — (4i +6j+ 4K)

PS =14 — 28j 14k
x=14-5(8) =26
y=18-6(8) =30

27=8-2(8)=-8

PT = (—26i —30j—8K) — (4i +6j+ 4K)

PT = —30i —36j—12k
The area of the quadrilateral QRST
=The area of PST — The area of PQR

11~ —

PSxPT
2

11> -
——|PQxP
2Q

_ %|(—14i — 28)~14K) x (~30i —36] ~12K)|

—%|(—5i —6)— 2K)x (i~ 2j—K)|

:%(14)(6)|(—i—2j—k)x(—5i —6j—2K)|

—%|(—5i—6j—2k)x(—i—2j—k)|

=8_23|(_i — 2j—k) x (~5i — 6 - 2K)|
(=2)(=2) - (-1)(-6)

=8—,f (1(-5)~(-(-2)
(-1)(-6)— (~2)(-5)

-Zi+gj-4

SE Production Limited

(A1) for correct values

(A1) for correct values

(Al) for correct values

(A1) for correct values

(M1) for valid approach

(A1) for substitution

(M1) for simplification

26



(€)

=8—23\/(—2)2 +37 4

_ 8329 AL
2
[8]
%[@](UQ) =162/29 M1
1
-uQ=2
5 Q
uQ=12
Thus, the shortest distance between U and QRST
is 12. Al
[2]

SE Production Limited

27



The vector equation of BD:
3 -3
r=0|+t| -3
3 -3
x=3-3t
y=-3t
z2=3-3t
3-3t 3

Y
I

|
@

|
o

-

AE=| -3t

AE-BD =0

S (30 +H(3)() +(B3-3)(=3) =0
9t+9t-9+9t=0

27t =9

1

3

oy
o3
)

t=

Therefore, the coordinates of E are (2, -1, 2).

SE Production Limited

Al

Al

Al

M1

Al

M1

AG

[6]



(b)

W,

I
O O W

|
w O w

-3
BC=| 0
0

n, = BAxBD

n, = -3k x (~3i - 3j—3K)
0)(=3)-(-3)(-3)

n, = (-3)(-3)-(0)(-3)
0)(=3)-(0)(-3)

n, =-9i+9j

n, = BCxBD

n, = 3ix(~3i —3j—3K)
(0)(=3)-(0)(=3)

n, =1 (0)(=3)-(-3)(-3)
(=3)(-3)-(0)(-3)

n, =-9j+9k

n,-n, =|n[|n,|cos &

(=9i +9j)- (-9j+9K) = |-9i +9j||-9j + 9K|cos &

(=9)(0) + (9)(-9) +(0)(9)

= (J(-9)? +92)(|/(-9)? +9?) cos 6
—-81=162cos &

cosH:—E
2

0=120°

SE Production Limited

(A1) for correct values

(A1) for correct values

(M1) for valid approach

Al

(M1) for valid approach

Al
(M1) for valid approach

Al

Al
[9]
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(c)

The area of OABC
=(0A)(OC)
=(3)(3)

=9

%(9)(OF) =15

30F=15
OF =5

Thus, the possible coordinates of F are (0,5, 0)

and (0,-5,0).

The possible values of DF
=5-(3) or =(=3)-(-5)

=8 or2

SE Production Limited

(A1) for correct value

(M1) for setting equation

Al

Al

A2
[6]

30



1. Let n, and n, be the normal vectors of 2x—-9y+4z-1=0
and 3x+14y+3z—-3=0 respectively.
2
n,=|-9
4
3
n,=14
3

Let & be the acute angle between the planes.
n,-n, =|n[|n,|cos &

(2)(3) +(-9)(14) + (4)(3)

= (22 +(-9)? + 47 )(\3* +14? + 3 ) c0s 0

~108 = (v101)(v/214) cos &
108

cosf=——————

(V101)(v214)
0=137.2741785°
0=137°

SE Production Limited

(A1) for correct values

(M1) for valid approach

(A1) for substitution

Al

Al
[5]

31



. . 5 3 2|7
By using row operations, the system (4 ‘ j is

reduced to

x:1+m
2

3
=26t
=7

1 0 4

2 4|5

(M1) for valid approach

N|lw N -

Al

Al

Thus, the vector equation of the line of intersection is

oMW N

4
+t| -6 |. A2

[5]

32
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4 2 -11|5
By using row operations, the system | 3 1 -2 |2 is
11 113

reducedto |0 1

or\>|\lN

Let z=t.
x:—£+§t, y:Z_Et
2 2 2 2

Thus, the vector equation of the line of intersection is
1 3

+t| —=|.

,
Il
o NI

@ By using row operations, the system

2 -2 -39 1 0 01
1 -4 4|9 |isreducedto|0 1 0| 1
2 1 2 |-3 0 0 1|-3

Thus, the coordinates of A are (1,1, -3).

1 2
() r=|1 |+t]-2
-3) |-3

SE Production Limited

(M1) for valid approach

Al

Al

A2

[5]

(M1) for valid approach

A3
[4]

A2

[2]

33



1.

(a)

(b)

(©)

n=(3i—2j)x(j—3K)
(=2)(-3)-(0)D)

n=| (0)(0)-G)(-3)
)@ -(=2)(0)

n=6i+9j+3k

The Cartesian equation of the plane 7 :

(xi+yj+zk)- (61 +9j+3k)

= (—6i +18Kk) - (6i +9j+ 3K)
6X+9y+3z =(-6)(6) +(0)(9) + (18)(3)
6Xx+9y+3z=18

2X+3y+2=06

x=1-10t
y=3+5t
z=13-13t
. 2(1-10t) +3(3+5t) +(13-13t) =6
2—20t+9+15t+13-13t =6

—-18t =-18
t=1
x=1-10(2) =-9
y=3+5() =8
2=7-13(1)=-6

Thus, the coordinates of the point of intersection

are (-9,8,-6).

a=3,b=2,c=6

SE Production Limited

(M1) for valid approach

(A1) for correct values

M1A1l
Al

[5]
(M1) for substitution
(A1) for correct value
Al

[3]
A3

[3]

34



(d)  The volume of the pyramid OABC

1 [<OA)<OB>j ©0)
3 2

_1(B@
(%2

@ () CA=3i—6k, CB=2j—6k

(ii) % CAxCB| = a 14

%|(3i—6k)><(2j—6k)|=a\/1_4

(0)(-6) - (-6)(2)
(-6)(0) - (3)(-6) | = a/14
(3)(2)-(0)(0)

%|12i+18j+6k|=a¢1_4

N |-

%(6|2i+3j+k|):a\/1_4

W22+ +12 =14
314 = /14

La=3

()] Let h be the required perpendicular distance.

S@in-6

314

11

h

Thus, the required perpendicular distance is

314
1

SE Production Limited

(M1) for valid approach

(A1) for substitution

Al
[3]
A2

(M1) for setting equation

(A1) for correct values

M1

Al
[6]

(M1) for setting equation

. Al

[2]
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(a)

(b)

(©)

n = (3i+ j)x(4i +k)
(L@ —-(0)(0)
n=| (0)(4)-B)1)
(3)(0)-(D)(4)
n=i-3j—4k
The Cartesian equation of the plane 7 :

(Xi+ Yj+ 2K) - (i — 3j — 4K) = (~6i + 2j) - (i — 3j — 4K)

x—=3y—4z=(-6)(1) +(2)(-3)+(0)(-4)
X—3y—-4z=-12

x—3(0) —4(0) = -12

x=-12
. OA=12
0-3y-4(0)=-12
y=4
-.OB=4
0-3(0)-4z=-12
z=3
-.0C=3
The volume of the pyramid OABC
1 ((OA)(OB)j(OC)
3 2
1 ((12)(4)j(3)
3 2
=24

The vector equation of the line L:

-12 1
r=| 0 [+t|-3
0 -4

SE Production Limited

(M1) for valid approach

(A1) for correct values

M1A1l

Al
[5]

(A1) for correct value

(A1) for correct value

(A1) for correct value

(M1) for valid approach

Al
Al

[6]
A2

[2]
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(d)

(i)

(i)

(iii)

(12,0, 0)

The vector equation of the line L":

12

1

r=| 0 [+5| -3

0
Xx=12+5
y=-3s
Z=-4s

4

p+12_ P

3

4

4(f+12)=3p

45+48=3p
S =—48

SE Production Limited

Al

(A1) for correct values

Al

(M1) for setting equation

Al
[5]

37



@ By using row operations, the system

3 -1 2|12,
is reduced to
3 1 -2|-12
10 0| O
: M1
01 -2|-12
y—-2z=-12
y=-12+2z Al
x=0 Al
Let z=t.
y=-12+2t Al
Thus, the vector equation of the line of intersection
0 0
isr=|-12 [+t| 0 |. AG
0 1
[4]
(b) Q) a=4,b=-12,¢c=6, a=-4 A4
(i) Let O be the origin.
The volume of the pyramid A’ABC
= %(&z(oe’)j(OC) (M1) for valid approach
3 2
=96 Al
[7]

SE Production Limited



(©)

(d)

()  AC=—4i+6k
AC (i) =

KC‘|—i|cos CAA'

(M1) for valid approach

(—4i +6K) - (—i) = (yJ(—4)* +6°)(1) cos CAA' (A1) for substitution

(—4)(=1) + (6)(0) = /52 cos CAA

cosCAA =2

J52
CAA’ =56.30993247°
CAA’ =56.3°

(ii) +CA'=CA
-.CA'A =56.30993247°

Al

(AL) for correct approach

ACA' +56.30993247° +56.30993247° =180’

ACA’ = 67.38013505°
ACA' =67.4°

The vector equation of L:
0 3
r={0|+s|-1
0 2
X =35
y=-S
2=2s
. 3(3s) +(—s)—2(2s) =12
4s=-12
s=-3
x=3(-3)=-9
y=—(-3)=3
z=2(-3)=-6

Thus, the coordinates of Q are (-9, 3,-6).

SE Production Limited

Al
[5]

(A1) for correct approach

(A1) for substitution

M1

Al
[4]
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(a)

(b)

(©)

The coordinates of A, B and C' are (6,0, 0),
(0,-4,0) and (0,0, 3) respectively.
n= ATBX AE'
N = (—6i —4j) x (—6i + 3K)
(-4)(3)-(0)(0)

n=| (0)(-6)-(-6)(3)

(=6)(0) - (-4)(-6)
n=-12i+18j—24k
The Cartesian equation of the plane r, :
(xi +yj+zk) - (-12i +18) — 24k)
=6i-(—12i +18j—24k)
—12x+18y —24z = (6)(—12) + (0)(18) + (0)(—24)
-12x+18y—-24z =72
2x—-3y+4z=12

The coordinates of C are (0,0, —-3).
The volume of the pyramid ABCC'

1 ((CC')(OA)) o8)
3 2

1 ((3_(_3))(6)j(4>
3 2

=24

n, =2i-3j-4k

n, =2i-3j+4k

Let & be the obtuse angle between the planes.
n,-n, =|n[|n,|cos &

(2)(2) +(=3)(-3) +(-4)(4)

= (22 +(-3)% +(—4)*)(J2* +(-3)* + 4% ) cos @

-3=(/29)(~/29) cos 6

cosez—i
29

0 =95.93777245
0=95.9

SE Production Limited

Al

M1
Al

Al

M1Al

AG
[6]

(Al) for correct values

(M1) for valid approach

Al

Al
[4]

(Al) for correct values

(M1) for valid approach

(A1) for substitution

Al

Al
[5]
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(d)

(i)

(i)

(0, -2, ~1.5)

n, =n,xn,

n, = (2i —3j— 4K) x (2i - 3j + 4K)
(=3)(4) - (-4(-3)

n;= (-4)(2)-(2)(4)
(2)(=3)-(=3)(2)

n, = —24i-16j
The vector equation of the line:

0 —24
r=| -2 |+t|-16
-15 0

X = =24t
y =-2-16t

z=-15
X _Yr2 . g
-24 -16

SE Production Limited

Al

(M1) for valid approach

Al

Al

Al

[5]
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Chapter 9 Solution

L @ B+
=(ﬁ)s+®(ﬁ)-’-i+@(ﬁ)i2+i3

=33+ Q)i+ Q)(3)(-1) +(-i)
=8i

() -8

2 L _ 1 0s5i
1-z
z=(-1-0.51)(1-2)
z=-1+z-0.5i+0.5iz
1+0.51=0.5iz
1+0.5i
zZ= -
0.5i1
- @+0.51)(-1)
0.51(—1)
_ —i-0.5i
~0.5i°
-i+0.5
=
0.5
z=1-2i
Thus, the imaginary part of z is -2.

SE Production Limited

M1Al

M1A1l
Al

[5]
Al

[1]

M1

Al

M1

Al

Al
[5]



Let z=a+Dhi.
z—|7| =—4(2-)

a+bi—\a?+b? =—8+4i
(a—+/a? +b?) +bi = -8+ 4i
b=4

a—m=—8
a+8=+a’+16
(a+8)*=a’+16

a’+16a+64=a’+16

16a =-48

a=-3

Thus, the real part of z is -3.

Let z=a+bi.
|z|-18=(z-12)i

JaZ +b7 ~18=(a+bi—12)i
Ja?+b? —18 =ai+hi? —12i
a? +b? —18=—b+(a—12)i

a-12=0
a=12

V122 +b* -18=-b
J144+b2 =18-b
144 +b* = (18—b)?

144 +b* =324-36b+b’

—-180 =-36b

b=5

Thus, the imaginary part of z is 5.

SE Production Limited

M1Al

Al

M1

Al
[5]

M1Al

Al

Al

M1

Al
[6]



1.

(@)

(b)

(a)

(b)

z. =3-3i+2(12+5i)
Z. =27+Ti

Z, =—2+91+2(12+5i)
z, =22+19i

Thus, the complex numbers represented by the
points C and D are 27+7i and 22+19i
respectively.

The area of ABCD
= (AB)(AD)

= 2AB?

= 2(y5% +12%)?

=338

z, =-18+10i+20

z, =2+10i

Z. =-18+10i+ (10— (20sin 60°)i)

7. =—8+(10-10/3)i

Thus, the complex numbers represented by the

points B and C are 2+10i and —8+ (10—-10y3)i
respectively.

The area of ABC
_ (20)(20sin60°)
2

_ (20)1043)

2
~1004/3

SE Production Limited

M1

M1

A2

M1

Al

M1

M1

A2

M1

Al

[4]

[2]

[4]

[2]



(a)

(c)

For any two correct points Al
For all correct points Al
For sketching a trapezium Al
Im(z)
4 A=4+4
C=-2+ |21/ /
\\O »Re(z)
D=-2-2i
\B — 44
2
(b) arg(w) = arctan (—ZJ M1
3
arg(w) = 7 Al
4
The area of the quadrilateral ABDC
_ (4+8)(6) Ml
2
=36 Al

SE Production Limited

2]

2]



(@)

(©)

For all correct points Al
For sketching a triangle Al
Im(z)
A
A=-3+61
/: \ > Re(z)
B=-9-9i C=18-9i
. -9
(b) arg(3z —27i) = arctan (—gj M1
arg(w) = o7 Al
4
The area of the triangle ABC
_ (27)(15) M1
2
=202.5 Al

For any two correct points

Al

SE Production Limited

[3]

[2]

[2]



1. @
(b)
(©)
2 @)
(b)

z3=\/§+i

The cubic polynomial
=(z-(-2)(z- (3 +i))(z-(\3-1i))
=(z+2)(z* =23z +4)

=22+ (2-243)2% +(4—4+/3)z+8
=22 +2(1-3)22 +4(1-3)z+8
sb=2,c=4and d=8

Z,= J§+ i

farctan| L
2, = (B 1) @)
7, =20

A polynomial function f(x) of degree 4 has four
roots.
There are two real roots only as the graph of f (x)

has only two X -intercepts.
Thus, there are two complex roots for the equation
f(x)=0.

The another complex root is 3+1.

f (%) = (x=(=9))(x -D)(x - B+1))(x - (3—-1))
f (X) = (x+5)(x=1)(x* + 6x+10)

SE Production Limited

Al

M1

A3

A2

R1

R1

AG

Al
M1Al

Al

[1]

[4]

[2]

[2]

[4]



The third root is 1—-2i. Al
The fourth root
=3-4—(1+2i)—(1-2i)

=-3 Al
The quartic polynomial

=(z-4)(z-(-3))(z—2+2i))(z—(1-21)) M1
=(2°-2-12)(z* -2z +5) Al
=27*-32°-5z°+192-60 Al

b=-3,c=-5,d =19 and e=-60
b+c+d+e+49

=-3+(-5)+19+(-60) +49 M1A1l
=0 AG
[7]
The third root is 2+5i. Al
The fourth root
B 174
 (=3)(2+5i)(2-5i)
=-2 Al
The quartic polynomial
=(2-(3)(z -2z - (2+50))(z-(2-51)) M1
= (2° +52+6)(z° -4z +29) Al
=7" +7° +152° +1212 +174 Al
~b=1,¢=15,d =121 and e=174
Jb+c+d-15
= 1+15++121-15 M1A1
=0 AG
[7]

SE Production Limited



9

NN
I

cos0+isin0

(O+2k7z) .. (0+2k72'j
Z =CO0S 9 +1SIN 9

(k=0,1,2,3,4,56,7,8)

.. 2T .. 2«
z=cos0+isin0, chos?ﬂsm?,

dr . . Arx 2r .. 2«
Z=COS?+ISII’1?, Z=C0S— +isin—,

87 .. 8r 107 . . 10«
Z=COS?+ISII'1?, Z=C00S——+I1SIn—,

dr . . Arx 147 . . 14r
z:cos?ﬂsm?, Z =C0S——+15In——

167 . . 16rx
or Z=C0S——+1iSsin—
9 9

(b) (i) (2 -)(°+2°+1)
=224+ +22-2°-72°-1
=7"-1

i)y z°+7°+1=0
2° -1

2 -1

=0, where z #1, z;z:(:is%Z and
. 4r
Z#CIS—
3

. 27 . 4r

Z=CiS—, Z=CIS—

9 9

. 8r
 Z=cis—,
9

. 107 . 14rx . 167
Z=CIS——, Z=CIS—— or Z=CIS——
9 9 9

SE Production Limited

Al

M1

A2

M1
Al

M1

Al

[4]

[4]



(©)

(i)

(i)

(iii)

(iv)

a’=w+w+w')

a” = (W) + W) + W'
a =W +wt+w
& =W+ W +wW

1+a+a*:—9
1

1+w+wW +w +wW +w +wP =-b

1+ W@+W +W) + W (1+W +w®) =—b
1+0+0=-b

b=-1

@) =-T

(W+W + W )W +w +w?) = —d
(W(A+W +W)(W)(A+W +w°) =—d
(W)(0)(w*)(0) = —d

d=0

P-2?+c()+0=0
c=0

SE Production Limited

M1

Al
Al

M1Al

M1

Al

M1Al

M1

Al

M1

Al
[13]



(@)

(b)

z2°+1=0
z2°=-1
z° =cosz+isinz

(7Z'+2k7l'] .. (ﬂ+2k7rj
Z =CO0S +1SIN
5 5

(k=0,1,2,3,4)

T .. T 3z .. 3r
Z=C0S—+isin—, Z=Cc0S—+isin—,
5 5 5 5

.. I .. In
Z=C0Sx+isinz, Z=C0S— +isin— or
5 5
Or .. 9«
Z =C0S—+1iSin—
5 5

(i) (z+D)(z* -2+ 7% -7+))
=2 -2*+22 -2+ 2+ -+ -z+1
=7°+1

(i) z*-7+7°-7+1=0
2°+1

=0, where z#-1
z+1

T .. T 3z .. 3w
Z=C0S—+ISIN—, Z=COS—+1SIN—,
5 5 5 5
i .. Irx
Z=C0OS—+ISINn— or
5 5

Or .. &
Z=C0S—+ISIh—
5 5

SE Production Limited

Al

M1

A2

M1
Al

M1

Al

[4]

[4]

10



T, . j 3 3
COS—+1SIn C0S— +1iSin—
5 5 5 5

. + Cos7_ﬂ-+isin7—7z- + 0059—7[+i5in9_7r M1A1l
(1) 5 5 5 5)
__ 1
1
COS—+COS— +CO0S— + COS—
5 5 5 5

3r I 7
+if sinZ +sin 2 4 sin =+ sin
5 5 5 5

=1

. COS— +cos3—+cos7—”+cosg—”=l M1
5 5 5 5

Vs 3z 3
COS— +C0S— +COS| 27 ——
5 5 5

+cos[27r—zj =1
5

2005£+2c053—7[=1 M1
5 5

cosz+cos?’—7z:l Al
5 5 2

. 3
(i) cos—+cos—:—
5 2

smi———)+sm(%—%}% o
|

( T 1
sm—+sm —_— ==
10) 2
sin3—ﬂ—sin—:1 M1
10 10 2
.'.sinz—sin?’—”z—l Al
10 10 2

(iii) Zslcos (ngl)”

T 3 1 O
=C0S—+C0OS—+COS 7 +C0OS— +COS —
5 5 5 5

SE Production Limited



s 3T 1 O
=| COS—+C0S— 4+ C0S— 4+ C0S —
5 5 5 5

+COS T
=1+(-1)
=0

SE Production Limited

M1
Al

[10]

12



(@)

(b)

(i)

(i)

(i)

(i)

(iii)

72°-1=0
28 =1

z° =cos0+isin0

(0+2k7z
Z =CO0S 3

(k=0,1,2)

SW= COS(

2T ..
W=C0S— +1SIn—
3 3

w -1=0

) .. (O+2kﬂ'j
+1SIN
3

0+anﬂj+mm(0+anﬂ

27

(Ww=)(W* +w+1)=0

w2 +w+1=0

W AW +w=0

B=a
L=W +w')
B=01+w)"
B=1+w
L=1+w""
L=1+W

1+(—1)+a+ﬁ:—?

1+w+1+wW =-b

1+0=-b
b=-1

W(-1)(@)(B) =§

—A+wW)(l+w)=¢e
—(A+w+w +w)=e

—(0+1) =e
e=-1

SE Production Limited

)

Al

M1

Al

M1

Al
AG

M1

Al
Al

M1Al

Al

M1Al

Al

[5]

13



(iv)

1)+ @)(a) + )(B)
H=1)(@)+ (~)(B) + (@)(B) =§

-1+af=cC

~1+1+wW)(1+wW)=c
“1+1+W+W +W =c

c=0

1~ +d1)-1=0

d=1

SE Production Limited

M1

Al

Al
AG

M1A1l

AG
[14]

14



(@)

(b)

z'+1=0
2’ =-1
z2' =cosx+isinz

T+2kr) .. 7t+2k7rj
Z =CO0S +1SIN
7 7

(k=0,1234,506)

T .. T 3z .. 3r
Z:COS7+ISIn7, Z =C0S— +isin—,

T . . br ..
Z=COS7+IS|n7, Z=COSxm+ISINnr,

7 .. 97 117z . . 11x
z:cos7+|3|n7, Z=C0S——+iSin— or

13~ . . 13«
Z=C0S——+ISIN——
7 7

7" +1

=" -+2° -+ -7 +2

+2° -2+ -+ P -z2+1
=2(°-2°+7" -+ -z+))
+28 -+ -+ -241
=(z+)(° -2+ -2+ 2P -2+
-2+ -2+ -72+1=0

7" +1

z+1

=0, where z#-1

T .. T 37 .. 3
Z=C0S—+ISIN—, Z=COS—+1SIN—,
7 7 7 7

T .. 5 O .. 9«
Z=C0S—+ISIN—, Z=C0S—+1SIN—,
7 7 7

. 1lx Bz . . 137
z=cosT+|sm7 or Z=C0S——+ISin—

SE Production Limited

Al

M1

A2

[4]

M1

Al

M1

Al

[4]

15



(©)

(i)

(i)

(z-p)z-9)=0

2 —(p+0)z+pq=0
p+q=A"+A"-21+2°-2"-2°
P+q=A" -2+ A" -2+ 1°-1
p+gq=-1

pg=(A"+ A2 =) -1 -1%)
Y L Ly LI L L
AT+ 25+ 21
pq=A"(4%)-2"(A%) -2

+AT(A) =A==+ 2%+ 2°

pq=-A+ 22 +1-A+1-2 +1+ 2%+ 1*
pq=A" -2+ A =P+ A% -1 +1+2
pg=0+2

pg =2

2% +2+2=0

(z-(p+D)(z—(q+1)=0

2" —(p+1+q+D)z+(p+1)(q+1) =0
2’ —(p+q+2)z+(pg+p+q+1)=0
7’ —(-1+2)z+(2-1+1) =0

2°-2+2=0

SE Production Limited

M1

M1

Al
M1

M1

M1

Al
Al

M1

Al

M1
Al

[12]
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1. @)

(b)

(©)

2+

2-i
,_@+i)@+i)
T 2-i)2+i)
4+ 4j +i?
l=—
5
Z:4+4i+(—1)

The modulus of z

f@@

=1

The argument of z

= arctan

glwlon| &~

)
=arctan| —
3

=0.927295218
=0.927 rad

SE Production Limited

M1
Al
[2]
M1
Al
[2]
M1
Al
[2]

17



o =(1+cosé)+ising Al
(@) = ((1+cos ) +isin B)? M1
(@) = (1+cos ) + 2isin O(L+cosO) +i’sin’ @

(0")? =1+2cos @ +cos” O+ 2isin O(1+cos ) —sin’ @

(') =2c0s 8+ 2cos” @+ 2isin O(1+cos H) (A1) for simplification
(@")? =2cos B(1+cos 6) + 2isin O(1+cos H) Al

The modulus of (@")*

= \/(Zcos O(1+cos 6))* + (2sin O(1+cos H))* M1

= \/40032 O(1+cos 6) +4sin® O(1L+cos §)*

= J4(1+cos 6)?

=2[1+cos6)| Al

The argument of (@")°

_ arctan 2sin 6(1+cos ) M1
2c0sH(1+cosb)

= arctan(tan 9)

=60 Al

[8]

SE Production Limited



1+w=(+sinf)+icosf
(1+ w)? = ((1+5sin O) +icos B)? M1A1
(1+w)* = (1+sin8)* + 2icos A(1+sin 6) +i° cos® @

(1+ w)* =1+2sin @ +sin® O+ 2icos O(1+sin d) —cos” O

(1+ w)?* = 2sin @+ 2sin* @+ 2icos O(1+sin H) (A1) for simplification
(1+ w)* = 2sin B(1+sin 6) + 2i cos A(L+sin H) Al

The modulus of (1+ w)®

= /(2sin O(L+sin 9))? + (2c0s (L +sin H)) M1

= \/4sin2 O(1+sin 6) +4cos’ O(1+sin 6)*

= \J4(L+sin 6)?
=2[L+sin )| Al

The argument of (1+ w)®

_ arctan ZCF)S o1+ s.ln 0) M1
2sin9(L+sin )
= arctan(cot 9)
= arctan (tan (Z - HD
2
_" 9 Al
2
) . [g—aJi
- (L+w)? =2[l+sind|e Al

[9]

SE Production Limited



(@)

(b)

(©)

z, =—iz,

(-iz,)z, =—2a +2i
—iz,2=-2Ja+2i
2,2 =—2-2.[ai

27| =|-2-2+ai
2, =27 +(-2\/a)’
22 =J4+4a
16=4+4a

12=4a

a=3

|2,|=[-z,|

2] =[-il|z,]
2=

|z|=2

2,2 =223

arg(z,?) = arctan [ _zfj
2arg(z,) = arctan(+/3)
T
2ar =—
9(z,) 3

arg(z,) =§

.

5.z, =2eb

SE Production Limited

M1

Al

M1

Al

M1

Al

M1

Al

Al

[4]

[2]

3]
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1.

@ (—i)* —8(—i)® +13(—i)* —8(—i) +12
=1-8i+13(-1) —8(-i)+12
=1-8i—13+8i+12
=0
Thus, —i is a root of the equation.

(b) The product of roots
12
1
=12

(© The second root is i .
Let x* —8x®+13x* —8x+12
= (X* +bx+Cc)(x=i)(x—(-i)).
x* —8x% +13x* —8x+12 = (X* +bx+c)(x* +1)
x* —8x° +13x* —8x+12
=x* +bx® +(c+D)x* +bx+c
~b=-8and c=12
x> —8x+12 =(x—2)(x—6)
Thus, the other two roots are 2 and 6.

The third root is a—Dbi.

4+(a+bi)+(a—bi)=—_T12
4+2a=12

2a=8

a=4

(4)(4+bi) (4 —bi) = —‘TGS

(4)(16+b*) =68

16+b* =17

b* =1

b=-1 (Rejected) or b=1

SE Production Limited

M1
Al

AG

Al

Al

M1

Al

A2

Al
M1Al

Al
Al

Al

[2]

[1]

[5]

[6]

21



The other two roots are a—bi and b—ai .

(a+bi)+(a—bi)+(b+ai)+(b—ai):—_T14

2a+2b=14

b=7-a
(a+bi)(a—bi)(b+ai)(b—ai) :%1
(a® +b?)(b* +a?) =841
(a® +b?)* =841
a’+b*=29
~al+(7-a)’ =29
a’+49-14a+a* =29
2a’~14a+20=0
2(a-2)(a-5)=0
a=2ora=5

b=5 (Rejected) or b=2
Thus, a=5 and b=2.

The second root is a—bi .

The third and the fourth root are 6 as the graph of y =P(x)

touches the x -axis at (6, 0).

(a+bi)+(a—bi)+6+6:—_T16
2a+12-16

2a=4

a=2

(2+Dbi)(2—bi)(6)(6) = 4T68

(4+b*)(36) = 468
4+b*=13

b*=9

b =-3 (Rejected) or b=3

SE Production Limited

Al
M1Al

Al

M1

Al

A2
[8]

Al

Al

M1Al

Al
Al

Al
[7]
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(@)

(i)

(i)

(cos@+isin 6)*

4
=cos* 6+[Jicos3 @sin@

4 4
+[2ji2 cos’ @sin? 9+[3ji3 cos@sin® 0

+i*sin* @
=cos* @+ 4icos® dsin & —6¢cos? #sin’
—4icos@sin® 6 +sin* @

(cos@+isin@)* =cos46 +isin46

cos’ 8+ 4icos® @sin @ —6¢os” @sin® 6
—4icos@sin® @ +sin® @ = cos 46 +isin 46
cos* @—6cos” @sin* @ +sin* @

+i(4cos® @sin @ —4cosfsin’ §)

=Cc0s46 +isin46

.€0s46 = cos* @—6¢0s” dsin® 6 +sin”
and sin46 = 4cos® dsin —4cossin® 6

SE Production Limited

Al

Al

Al

M1

A2

[6]

23



(b)

z*+16i=0

7' =-16i
74 =2* (cos?’—”ﬂsin 3—”) Al
2 2
3;[+2k7z 3;[+2k7r
z=2|cos| &—— |[+isin| &¥—— M1
4 4
(k=0,1,2,3)
3—7T+2(O)7r 3—7[+2(0)7r
S.2=2|cos T +isin 2

( 3r .. 37[)
Z=2| COS—+1SIn—
8 8

Lr=2, a=— A2

SE Production Limited

[4]

24



(© cos4(3 j cos’ « 37 —6cos® 237 sm23—ﬂ+sm — M1
8 8 8 8
0 =cos* «37 _ 6 cos? 3—[1 cozBﬂj
8 8 8
. Al
[1 cosz—”j
8
0=cos43—”—600523”+6cos43—+1
8 8
» 3T 4 37
—2¢0s° == +cos* =
8 8
0=8cos“3—7z—8(:os23 +1 Al
8 8
—(—8) +./(-8)? -
C0323_%: (-8)£4/(-8)*-4(8)() M1
8 2(8)
cos 37 _ 8++/32
8 16
As£<3—7[<Z 0< cos?’—<E and
3 8 2 8 2
O<c0523—7[<£
8 4
. CO 823—”=8+\/_ (Rejected) or
8 16
c0523—ﬂ:8_\/§. Al
8 16
cosB—E: 8-4\2
8 16
3_”: —2_\/5 Al
8 4
[6]
SE Production Limited 25



. 3 3
=Sin—C0S—| C0S” — —sin“ —
8 8 ( 8

337 . 37 3r
=c0s® ——sin— —cos—sin® —
8 8 8 8

3

JT
4c0s® ~~sin
8

3T .3ﬂj[ 3r 3r
COSK—SIH—

, 37T ) 37rj
8

3 3T

3z 3t . .37
=2 _4cos==sin® ==
8 8

SE Production Limited

3

M1

Al

Al

AG
[3]

26



(@  (cos@+ising)®

8 8). 7 Nei 8 2 6 Nein2
=C0S" 0+ L icos’ @sing + 5 i“cos” @sin“ @
i3 5 Neind 8 4 4 Neind
+ iI°cos’ gsin° @+ 4 i cos” gsin” @
3 A2
i5cos395in59+(6]i6c052Hsinee

co O1 0O W ©

+ 7 i’ cos@sin’ @+i®sin® 0

=cos’® #+8icos’ #sin@—28cos® Gsin® @
—56i cos® @sin® §+70cos’ fsin” @

+56i cos® @sin® @ — 28 cos® Fsin® @
—8icos@sin’ @+sin® @

.C0s86 +isin86 = cos® 6 —28¢os’® Asin’ @
+70cos” @sin* 6 —28cos” Gsin® G +sin® @
+i(8cos’ Bsin & —56cos’ Gsin® 4

+56cos’ @sin® @ —8cos Gsin’ )

sin80 =8cos’ #sin #—56cos® #sin’ &
+56cos’ @sin® @ —8cosGsin’ @

Al

M1

Al

[5]
(b)  2*+6561=0
7% = —6561
2° =3*(cos r +isin x) Al

z=3 cos(ﬂ+2kﬂJ+isin(ﬂ+2k”j M1
8 8
(k=0,1,2,34,56,7)
223 cos(ﬂ}risin(m]
8 8

[ 157 . . 157[)
3| cos——+isin—

8 8

{ou{-5) (5]

.'.r:3,a1=—% A2

Z

4

[4]

SE Production Limited



(©)

(d)

sing| =% | =8cos”| -~ sin(—zj
8 8 8

—56cos’ (—%)sin‘"’ _z

+56¢05°| =~ |sin®| = Z |—8cos| = Z |sin’
8 8 8

0=8cos’ a; sin, —56¢0s° o sin° o,
+56.c0s° @, Sin° o, —8cos o sin’ ¢
0=cos’ o, —7cos” ¢ Sin* o

+7c0s’ o sin® o, —sin® o

1-7tan’ a, +7tan* o —tan® o, =0
(i) 3
(i) Rectangle

(i) Trapezium

8

g

M1

Al

Al
AG

[3]
Al
Al

Al

(iv) z,=3 cos(%w}isin(is((s)ﬁ)j M1

18z . . 13«
z,=3 cos?ﬂsm?

3
arg(z,) =—3
Y
sarg(z, )=?
BOE :3_”_(_3_”j:3_”
8 8 4

BE? =32 +32—2(3)(3) cos%”

BE = \/9+9—18cos37”

BE =5.543277195
BE =5.54

SE Production Limited

Al

Al

Al
[7]
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(@)

When n=1,

L.H.S.=(-cos@ +isin )’
L.H.S.=cos* 8—2isin@cos @ +i°sin® 6
L.H.S.=cos’ §—sin* @—2isin#cos O
L.H.S.=co0s 26 —isin 260
R.H.S.=co0s26—isin 26

Thus, the statement is true when n=1. R1
Assume that the statement is true when n=Kk. M1
(—cos@+isin 8)* = cos 2k —isin 2k&
When n=k +1,
(—cos & +isin §)x++

o 2k i 2 M1
=(—cos@+isinf)=(—cos@+isin )
(—cos & +isin g)x+

Al

= (cos 2k —isin 2kd)(cos 26 —isin 26)

(—cos @ +isin §)***Y = cos 2k cos 26

—icos 2k@sin 20 —isin 2k@ cos 20 +i° sin 2kHsin 20
(—cos @ +isin §)*+

= c0s 2k cos 20 —sin 2k@sin 26 Al
—i(cos 2k@sin 26 +sin 2kA cos 26)

(—cos @ +isin )2«

= cos(2kd + 20) —isin(2k + 20)
(—cos @ +isin @)+

=cos2(k +1)8—isin2(k +1)@

Thus, the statement is true when n=k +1.

Therefore, the statement is true forall neZ". R1

SE Production Limited

[6]
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(b)

(—cos@+isin9)®

= (-cos )’ + (ij i(—cos @)’ sing

+| _ |i*(~cos@)’sin®@+| _ |i*(-cosH)’sin’ 6

i*(—=cos@)*sin*@+| _ |i°(-cos)*sin® 6

o M~ 0O N 0

+| |i®(—cos)’sin®@+| _ |i'(~cosH)sin’ @

6
+i®sin® @

= cos® #—8icos’ @sinH—28cos’® Gsin® 6
+56i cos® @sin® @+ 70cos* Fsin* @

—56i cos® @sin® @ — 28 cos® Fsin® @
+8icos@sin’ @ +sin® @

.€0s80 —isin86 = cos® @ —28cos® Asin® @
+70cos” @sin* 6 —28cos” Hsin® & +sin® @
+i(~8cos’ Asin @ +56cos® Gsin’® @
—56¢0s® @sin® & +8cosfsin’ H)

c0s 80 = cos® # —28cos® Fsin® &

+70cos* @sin* §—28cos’” Asin® @ +sin® 6

8
3
8
5
8
7

SE Production Limited

A2

Al

M1

Al

[5]
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(©)

cos80 = 41cos” Asin* @ —28cos? Gsin® @ +sin® @

:.cos® @—28cos’® fsin’ @
+70cos* @sin* @ —28cos’ Asin® @ +sin® @

= 41cos* @sin® —28cos’ Asin® & +sin®
cos® 6—28cos® @sin® 6+ 29cos’ Asin* =0
cos* @—28cos’® sin® O+ 29sin* 6 =0

(cos® §)* —28cos” Bsin® @ +29(sin* )> =0
(cos® @ —sin® )(cos* &—28sin* G) =0

cos’ @—sin® 6 =0 or cos® H—28sin° 6 =0

tan’0=1or tan’0 =
28

1
tan @ = -1 (Rejected), tand = ——— (Rejected),
(Rej ) @( ] )

1

tan6’=i or tan@d=1

J28

0 =0.186779461 or 0 = %

0=0.187 or 0 =
4

T

SE Production Limited

M1

Al

Al

Al

A2

[6]
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(a)

( 9 ! ! gjs
COS—+Isin—
5 5

0 (5. 0.6 (5., .0.,0
=C0S™ —+ I1COS —SIN—+ I~ COS™ —SIN™ —
5 |1 55 |2 5 5

5y L0560 (35, 0. 40
+ 1°COS“ —sIn® —+ 1" cos—sin™ — A2
3 5 5 |4 5 5
+i53in5g
5
=c055Q+5icos4Qsing—locos3€sin2€
5 5 5 5
o 0 0 0 0 Al
—10icos® =sin® =+5cos —sin* = +isin® =
5 5 5 5 5
C.cos@+isind
:cos5€+5icos4Qsing—locos3§sin2§ M1
5 5 5 5

—10i cos? Qsin3Q+SCos€sin4 Q+isin5 9
5 5 5 5 5
cos@+isiné

=cos’ Q—lOcos?’ Qsinz §+5003Qsin4 4
5 5 5 5 5

+i| 5cos* Qsin Q—lOcosz Qsin3 Q+sin5 0
5 5 5 5 5
.C0s @ = cos® Q—lOCOSS Qsinz Q+500393in4 4
5 5 5 5 5

and sin @ =5cos* Qsing—locosz Qsins €+sin5 4 A2
5 5 5 5

[6]
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(b)

(©)

tan @ = ﬂ
cosd

5cos* gsin Q—lOcosz Qsin3 g+sin
tan g = 5 5 2 5

50

5

cos® ——10cos® Qsinz Q+SCostin4
5 5 5 5

5tan Q—lOtan3 Q+tan5 0
5 5

1—1Otan2Q+5tan4Q
5 5

tan @ =

tan 9(5—10tan2§+tan“gj

1-10tan? ¢ +5tan* ¢
5 5

tan @ =

x:tang
5

x(5-10x" +x*)
1-10x° +5x*
x*—10x*+5=0
x(5-10x% + x*)

2 Z =0
1-10x° +5x
tan@=0
0=0, n, 27, 3r or 4r

tan @ =

3

M1Al

Al

AG

[3]

M1

M1

0 s 27
S X=tan— , x=tan=, x=tan— , x=tan— or
5 5 5

A
X=tan—
5
X =0 (Rejected), x=tan%, x=tan2?ﬂ,

3 A
X=tan— or x=tan—
5 5

SE Production Limited

Al

Al
[4]
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(d) (i) té’lr’|£+tan2—72.-|-tan3_7[_,_tam4_7Z :_9
5 5 5 5 1

tan0—+tan—+tan2—7[+tan3—”
5 5 5 5

0[] fon )
=5l %)
=[+5))-

tan—tan Z—EJ =5
5 5

tan = tan o _ 5

SE Production Limited

°
1

anZ [ tan?Z | —tan 2" | —tan Z | =5
5 5 5 5

M1Al

Al

M1Al

Al

Al
[7]
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Chapter 10 Solution

1. (@  (Xx+2+h)*=(x+2+h)(x+2+h)
(X+2+h)?

= X? +2X+ hX + 2X + 4+ 2h + hx + 2h + h?
(X+2+h)? =x* +(4+2h)x+ (4+4h+h?) Al

(M1) for valid expansion

[2]

2 2
d_y:"m(x+2+h) —-(x+2)
dx h-oo

X2 + (44 2h) X+ (4 + 4h+ h?)
2

d—y=lim_(x +4x+4)
dx h-o h
d_y_"mxz+4x+2hx+4+4h+h2—x2—4x—4
dx h-o h
dy .. 2hx+4h+h?
—=lim—
dx h-o0 h

(b)

(A1) for substitution

h—0

d—y:Iim(2x+4+h) Al
dx

ﬂ=2x+4+0
dx

y

d—:2x+4 Al
dx

[3]
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(x+h)* =2(x+h)*) = (x* —2x%)

f'(x)= Llrrg . (A1) for substitution
x? + 2hx + h?
3 3 —(x*=2%°
—2(x3+(1jx2h+(2jxh2+h3J ( )
f'(x)= Llrg ™ (M1) for valid expansion
X* +2hx + h? s o
20¢+3xh+ 3 + 1) | o
£() =lim O+ :

x% +2hx +h? —2x3 —6x°h

—6xh? —2h® —x* +2x°

o0 =lip A
2 Av2h auh? _ 9R3
f’(x)=|im2hx+h 6X°h—6xh" —2h Al
h—0 h
f’(x):Lirrg(2x+h—6x2—6xh—2h2) Al

f'(x) =2x+0—-6x* —6x(0)—2(0)
f'(x) = 2x—6x° Al
[5]
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|
£1(x) = lim 3(x+h)—-2 3x-2
h—0 h
11
f'(X):Iim 3x+3h-2 3x-2
h

h—0

(A1) for substitution

, .1 3x-2 3x+3h-2
f'(x)=lim= —
h->0h| (3x+3h-2)(3x—-2) (3x+3h—-2)(3x—-2)

] (M1) for valid approach

100 — lim L X =2-3x-30+2
0 hl (3x+3h-2)(3x-2)

F1(x) = lim = =l ] Al
-0 h{ (3x+3h-2)(3x-2)

f’(x):ﬁm( = J Al
h>0{ (3x+3h—2)(3x—2)

£/(x) = =
(3x+3(0)-2)(3x—2)

! __L

0= A

[5]
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1 1
(1-2(x+h))® (@-2x)*

f'(x)= 'h'f& ™ (A1) for substitution
1 1
F1(x) = jim (1—2x—2h)h2 (1-2x)°
(1-2x)?
f'(x)= ngg% - 2)((1__223:512;;)()2 (M) for valid approach

© (1-2x—2h)?(1-2x)?

(%) = Ihigg1 (1-2%)° —(1—2X—2h)2]

h{ (1-2x-2h)*(1-2x)°

f,(x):"ml (1—2x+1—2x—2h)(12—2x—(12—2x—2h))j AL
h->0h (1-2x—2h)?*(1-2x)
1(  (2-4x-2h)(2h)
h\ (1-2x—2h)?(1-2x)?

G

£/(x) = lim 4—8x;4h : AL
h-0 (1—2X — 2h)?(1— 2X)
_ 4(1-2x-0)
 (1-2x—2(0))*(1-2x)?
_4(1-2x)
- (@1-2x)*
4

PO =any Al

£/(x)

F'(x)

[5]
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1. Let y =arctanex.
tany =ex

d d
—(t =
o Eny) = (&)

dtany) dy _d(en

dy dx dx

sec’ yﬂ =e
dx

dy e
dx sec’y

Ll (arctanex) =
dx

d (arctanex) =

dx

d (arctanex) =
dx

2

1+tan’y

e
1+ (ex)?

e X

SE Production Limited

Al

Al

Al

M1

Al

AG

[5]



X
Let y =arccos 3

X
Cosy=— Al
Y 3

i (COS y) — i(lj
dx dx\ 3

d(cos y>.d_y_1(z) Al
dy dx dx\3
—sin yﬂ=1 Al
dx 3
ay__ 1 M1
dx  3siny
d (arccos j Al
X 3) 3fi-cosy y
(arccos J
31— X)
3
o G
arccos —
91— Xj
9
i(arccoszjz— L AG
dx 3 9-x?

[5]
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Let y=arcsinx’.
siny=x°

d, . d, g,
—(siny)=—(x
dx( y) dx()
d(siny) dy _d(x)

dy dx dx
CosS yﬂ =3x°
dx
dy  3x°
dx cosy
: i(arcsin x%) __ ¥
~dx JL-sin?y
i(arcsin x%) = &
dx ?1_()(3)2
2
i(arcsin x}) = 3
dx 1—x°

Let y=arctan/x .

tan y = /x
9 any) =L ()
dx dx

d(tany) dy _d(Wx)
dy  dx dx

dx  2Jx
dy 1

dx  2xsec’y

i (arctan \/; )=
dx

1
2Jx(L+tan?y)

da (arctan Jx )=
dx

1
2% 1+ (Vx)?)

d 1
™ (arctan NN )= PN \/§(1+ 9

SE Production Limited

Al

Al

Al

M1

Al

AG

Al

Al

Al

M1

Al

AG

[5]

[5]



1.

When n=1,
1
LHS.=-1 5
((1+5x)2]( )
L.H.S.=—L2
(1+5x)
—5\11
R.H.S.=—( 5) 11'1
@+5x)™
RHS—— 5
(1+5x)

Thus, the statement is true when n=1.
Assume that the statement is true when n=Kk.

(1+5x)**
When n=k +1,

P = (19(0)
X

(k+1) _ (_E)K _ 1
FH(%) = (=5)"k!( (k+1))(—(1+5X)k+2j(5)

(-5)" (-5)(k +1)k!
(1+5x)+?
f (k+1) (X) — (_5)k+l(kk1_21)!
(1+5x)

f D (x) = w
(1+5X)k+l+l
Thus, the statement is true when n=k +1.

Therefore, the statement is true for all ne Z*.

f (k+1) (X) —

SE Production Limited

R1
M1

M1

Al

Al

Al

R1

[7]



When n=1,

L.H.S.= (2x)(e") +(x*)(e*)
L.H.S.=2xe* + x%*
R.H.S.=(1(1-1) +2(1)x + x*)e*
R.H.S. = 2xe* + x%¢"

Thus, the statement is true when n=1.
Assume that the statement is true when n=Kk.

f (%) = (k(k =1) + 2kx + x*)e*
When n=k +1,

P90 = (19(x)
X

f & (x) = (0+2k +2x)(*) + (k(k =1) + 2kx + x*) (€*)
f D (x) = (2k +2x+k* —k + 2kx + x*)e*
f D (x) = (K? +k + 2kx + 2x + x*)e*
fED () = (K+Dk +2(k +D)x + x?)e*
Thus, the statement is true when n=k +1.
Therefore, the statement is true forall neZ".

SE Production Limited

R1
M1

M1

Al
Al

Al

R1

[7]



When n=2,
L.H.S. =%((1)(7X) +(X)(7*In7))

L.H.S.= i(7X +X7*In7)
dx

LHS.=7In7+ M7 In7)+(X)(7*(In7)?)
LH.S.=2-7"In7+x7*(In7)?
RH.S.=2-7(IN7)* ' +x7*(In7)?
RH.S.=2-7In7+x7*(In7)*

Thus, the statement is true when n=2.
Assume that the statement is true when n=Kk.

fOX) =k7*(In7) +x7*(In7)*
When n=k +1,

P9 = (1%9(0)
X

f D) =k7*(In D + D@ (IN ") + (X)(7*(In 7))
fED) =k7*(IN7)* +7*(IN7)* +x7*(In 7)**
fED) = (k+D7*(In7)* +x7*(In7)**
fEDX) = (k+D7*(In 7)™ +x7*(In7)**

Thus, the statement is true when n=k +1.

Therefore, the statement is true forall neZ", n>2.

SE Production Limited

R1
M1

M1

Al
Al

Al

R1

[7]
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When n=1,

L.H.S.= —1(—%) 1+ x)‘% Q)

LHS.=—

2(1+X)?

(=D (2@)! -
RHS. = o= (0 X) 2
RHS.= >

2(1+X)?

Thus, the statement is true when n=1.
Assume that the statement is true when n=Kk.

®) (=D (2k)! -
O =" )
When n—k+1,

P = (19(0)

£ (x) =M[-k-%j @)

2% k1

N 1)k*2(2k +1)(2k)! 2
f (x) = 92k | 1+ )
09 () = (=D Skzlf +2)k D! ) X)_k_g

221K 12)(k +1)

(k+) (D)2 (2k +2)! =
="y @9
f 0 () = (=D (2(k +1))'( +X)f(k+1)—%

22(k+1) (k 1)|
Thus, the statement is true when n=k +1.
Therefore, the statement is true forall neZ".

SE Production Limited

R1
M1

M1

Al

Al

Al

Al

R1

[8]
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1.

X+y—e”Inx=2

d d d ooy d
&(X)Jr&(Y)—&(e Inx) = i (2

1+ j—i — [(Ze” %j (Inx) +(e?) (%D =0

1+d—y—2e2y In xﬂ—
dx dx

e

-0

g2

T A |

dx dx X
(1-2e” In x)d—y =
dx

dy  e”-x

dx  x(1—2e” Inx)

The required gradient
e?® -1

T 11-2"9In1)

_e?-1

T 1(1-0)
=e’-1

X

X

e?y —x

SE Production Limited

(M1) for valid approach

(A2) for correct approach

Al

(A1) for substitution

Al

[6]
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(x—3)? +4y* =4(4y—3)
d , d ) d
T (x=3)2+— (4y?) =— (16y 12
dx(x )+dx(y) dx( y-12)

2(x—3)(1)+8y% =16d—y—0
dx dx

2x—6+8y% =16d—y
dx dx

x—3=8d—y—4yd—y
dx dx

x—&:@—4ng
dx

dy ~ x-3

dx 8-4y

2223 g
8—-4y

x—3=0

X=3

- (3=3)%+4y* =4(4y-3)

4y? = 4(4y-3)

y*=4y-3

y?—4y+3=0

(y-D(y-3)=0

y=lory=3

Thus, the required coordinates are (3,1) and (3, 3).

SE Production Limited

(M1) for valid approach

(A1) for correct approach

Al

(A1) for substitution

(M1) for substitution

Al

A2

[8]
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xy+y’ =3

d d, ,, d
g Tvy=Y3
dx(xy)+dx(y) dx()

(1)(y)+(x>[j—§]+2y%=o

y+xd—y+2yd—y:0

dx dx
dy
(X+2y)d—=—y
X

dy___y
dx X+2y
dy dy
2y)| - |- 1+2—>
T P
dx’ (x+2y)*
dy
d’y _ “ax Y
dx*  (x+2y)?
dy
d’y _ I
dx*>  (x+2y)°
d’y dy Xy
X+2y)—+———"—=
( y)dx2 dx  (x+2y)?
dy
_Xi
:(X+2y) ﬂ +ﬂ_ Xy
(x+2y)* | dx (x+2y)?
)
_ (x+2y) X+2y)| Yy Xy
(x+2y)* X+2y  (Xx+2y)°
y N y Xy

- X+2y  (x+2y)° _x+2y_(x+2y)2
=0

SE Production Limited

M1

A2

Al

Al

Al

M1

AG

[7]
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e +e¥ +4x=0

d d d
—Ee)+—(E)+—(“4x)=0
dx( ) dx( ) dx( )
e re’ Y 14-0

dx
eyﬂz—(ex+4)

dx

dy__e'+4
dx e’
oy N0 +4)(ey ‘;')U
o @)
&y ex+y—(ex+y+4ey)3|§
ax e”
d’y . S ady
— =" +4e7)—=-e""
dx’ & )dx

2

s.e? % +(4+€") +e*
X

=e? [(ex‘y + 4e‘y)% —e j +(4+€*)" +e
X

_ ((eX+y +4ey)(——e J;4j—ex+y}+ (4+€*) +e*Y
e

=0

(e* +4)* - +(4+€")° +e

SE Production Limited

M1

Al

Al

Al

Al

M1

AG

[6]
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1.

(@)

(b)

efy=12-y?

@ 8y @
en=-Lan-Liy
X o(dY)_ 4 5,0y
e )(y)+<e)(&j—o 2y Y

X . dy dy
e'y=—6 —-2y—
y dx ydx

'y = (" +2y) Y
dx

dy___ey

dx e*+2y

()  3x+7y-21=0

7y =21-3x
3
=3-=X
y 7

2
e (3—§xj=12—(3—§xj
7 7
2
(3—§xj +e* (3—§xj—12=0
7 7

By considering the graph of

2
y=(3—§XJ +ex(3—§x)—12,
7 7
X=0 or Xx=6.9737895 (Rejected).
3
L y=3-=(0
y=3-2(0)

y=3

Thus, the coordinates of P are (0, 3).

(i) The gradient of the tangent at P
©)
%+ 2(3)
3

7

SE Production Limited

M1
A2

M1

AG

[4]

(M1) for valid approach

(M1) for substitution

Al

Al

(M1) for substitution

Al
[6]
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(©)

e’y =12-y?
y?+y-12=0
(y+4)(y-3)=0
y=—-4 or y =23 (Rejected)
The gradient of the normal at Q
L eCh
e’ +2(-4)

SE Production Limited

(A1) for correct equation

Al

(M1) for substitution

Al
[4]

17



(@)

(b)

(©)

2x% +axy +y*> =56

d »n d d, ,,  d

R P Ciyy="(s6
dx( )+dx(axy)+dx(y) dx( )

4x+ (a)(y) + (ax) (%j-ﬁ- Zy% =0

axd—y+2yd—y=—(4x+ay)

dx dx
(ax+ 2y)d—y =—(4x +ay)
dx

dy __Ax+ay
dx ax+2y
O
(i) The gradient of the tangent at P
=-1+-1
=1
_4Q)+als)
" 2a+2(-6)
_ 8-6a _
2a-12
6a—-8=2a-12
da=-4
a=-1
&
dx
_ Ax-y 0
—X+2y

Ax—y=0=y=4x

5 2% = X(4%) + (4X)* =56

2X* —4x* +16x* =56

14x* =56

X2 =4

X=-2o0r Xx=2

When x=-2, y=4(-2)=-8.

When x=2, y=4(2)=8.

Thus, that the coordinates of Q and R are (2, 8)
and (-2,-8).

SE Production Limited

M1
A2

M1

AG

Al

(A1) for correct value

(M1) for setting equation

(M1) for valid approach

Al

Al

Al
M1

Al
M1

AG

[4]

[5]

[5]
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(@)

(b)

5x* —2xy —3y* —16x=0

d 2 d d 2 d
— (5X%) —— (2xy) —— (3y?) —— (16X) =
o 0¥ = (@) = By) = (16%)

10x —((2)(y) +(2x) (%D -6y

dy

dx

10x—2y—2x%—6y3y—16=0

x dx
dy dy
5X—y—-Xx—-3y—-8=0
Y dx ydx

dy dy

X—+3y—=5Xx-y-8

dx ydx Y

(x+3y)ﬂ:5x—y—8
dx

dy 5x-y-8
dx  x+3y

The gradient of the tangent
5

=5
_5x-y-8
ox+3y
5x—y—8=5(x+3y)
5X—y—-8=5x+15y
16y =-8
y=-0.5

5

~.5x2 —2xX(~0.5) —3(~0.5)2 ~16x =0

5x*+x—0.75-16x=0
5x? -15x—0.75=0
20x> —60x—3=0

16=0

d
—(0) M1
)

A2

M1

AG

[4]

(A1) for correct value

(M1) for setting equation

(M1) for substitution

Al

By considering the graph of y =20x* —60x—3,
X =-0.049193 or x=3.0491933.
Thus, that the coordinates of Q and R are
(-0.0492, -0.5) and (3.05,-0.5).

A2
[6]

SE Production Limited
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(x+3y)ci((5x—y—8)

d
gy ~Ox-y-8)  (x+3y)
= X (M1) for valid approach

dx’ (x+3y)?
,  (x+3y) 5—d—y—0 - (5x-y-8) 1+3d—y
d7y dx dx
> = > (A1) for correct approach
dx (x+3y)

5x+15y—(x+3y)d—y
dx

d2y —(5x—y—8)—(15x—3y—24)3i
axz (x+3y)?
dy
2, 16y+8+(-16x+24)—=
dy _ dx Al
dx’ (x+3y)?
16y+8+(—16x+24)d—y
“ (x+3y)? e dx
(x+3y) M1
28(3—2x)d—y
dx
dy dy .
16y +8+ (—16x+ 24)& > (24—16x)& (M1) for valid approach
16y >-8
1
>_= Al
y 2

[6]

SE Production Limited



(@)

(b)

X+ Xy =8+ Y

d d d d, ,

&(x)+&(xy) =&(8)+&(y )

1+((1)(y)+(x)(ﬂjj:0+2yd—y
dx dx

1+ y+xﬂ=2yﬂ

X dx

The gradient of the normal
_dy

T
1+y
2y — X
_X=2y

- 1+y

:—1+

. Xx=2y
1ty
Xx—2y=0

X=2y

22y +(2y)y=8+Y®

2y+2y* =8+y?

y?+2y—-8=0

(y+4)(y-2)=0

y=—4ory=2

When y=-4, x=2(-4)=-8.

When y=2, x=2(2)=4.

Thus, that the coordinates of P and Q are
(-8,-4) and (4, 2).

=0

SE Production Limited

M1

A2

M1

AG

[4]

(A1) for correct approach

(M1) for setting equation

(M1) for substitution

Al

(A1) for correct values

A2
[7]

21



(©)

d d
&y:(Zy—wa;a+y%%l+wa§Qy—m

dx’ (2y —x)?
d d

a2y (2y—x)(0+d§)—(1+y)(2di—lj
ax? (2y —x)?

dy dy
d2y (2y—x)a;—(2+2y)a;+1+y
dx? (2y —x)?

dy
dzy:(—2—x)a;+1+y
dx? (2y —x)?

dy
'(—2—ma;+1+y_ 1 (QXY+KX+ZXY+D
o @y-x°

1+y

_(_Z_X)(Zy—x]+l+

1+y

dx (2y-x)®

2y -x)°
+(x+2)(y+1)

2y-x)°

_uj2+@a+w+_1+

y_ 1 ( 1+y i
1+y(2y—-x

y

2y-x)°

1+y

(2y-
+(x+2)(y+1)

X)?

(2y-x)?
=0

2y-x)°

SE Production Limited

M1

Al

M1

Al

M1

M1

AG

[6]

22



Chapter 11 Solution

yInx=x*-y

d d
(vl =~ (x?-—
™ (yInx) » (X" =y)

dy 1y_,, dy
(a;j(h1x)+(y)(;)-2x i

mX9X+X:2X_QX
dx x dx
MXQX+9X=ZX—X
dx dx X
0nx+D9X=2x—l
dx X
y
2X—=
dy_ x
dx Inx+1
1
2() =
dy :()1
dx|,, Inl+1
dy, _2-1
dx|,, O+1
dy
X
The equation of tangent:
y—-1=1(x-1)
y—-1=x-1
y=X

SE Production Limited

M1

A2

Al

M1

Al

Al

AG
[7]



5 -5
2yarctan X = — X+ ——
4 4

i(2yarctan X) :i£§x)+i[”_5j
dx dx\ 4

X
(Zgj(arctan x)+(2y)[ 1 5 j =g—0

2arctan Xd_y+2_y2:§

dx 1+x° 4
2arctan xd—y=§—2—y2
dx 4 1+x

dy 1 5 2y
dx 2arctanx\4 1+ x?

1
2| =
dy 1 5 (2)

dx [1 ;) T 2arctanl| 4 1412

"2

%[Llj B 2{2)(%_%)

%(gj ZEGJ

dy _3
dx [13 2z
Thus, the slope of normal
27
__ 2z
3
The equation of normal:
1 2r
——=——(x-1
y-5=-5 (-1
1 2r 2w
—_— = X4+ —
2 3 3

6y —3=—-4rx+4r
ArX+6y—(47+3)=0

SE Production Limited

(M1) for valid approach

(A2) for correct approach

(M1) for substitution

Al

Al

(A1) for substitution

Al
[8]



x* +4y* =100

d. , d, , d
= (3) +— (4y?) =— (100
dx( )+dx(y) dx( )

2x+8y9¥:0
dx
dy
Sy& =-2X
dy X
dx 4y
x 3
_Zy__g
x=§y
2

%yz +4y* =100

25
22422100
Y

y> =16
y=—4ory=4

When y=—4, x:g(—4)=—6.

When y=4, x:g(4):6.
The equations of tangent:
3 3
Y= (-4) == (x=(-6)) or y—4=—(x-6)

8(y+4)=-3(x+6) or 8(y—4)=-3(x—06)
8y+32=-3x-18 or 8y-32=-3x+18
3x+8y+50=0 or 3x+8y—-50=0

SE Production Limited

(M1) for valid approach

(A1) for correct approach

Al

(M1) for setting equation

Al

(A1) for substitution

A2
[8]



9x* +y* =106
d d d
—(9%%) +—(y*) =— (106
dx( ) OIX(y) OIX( )
18x+2yﬂ=0
dx

dy
2y — =-18x
ydx
dy_ 9
dx y
.‘.—%xiz—l

y 27
X
3y

3

X==
5y

3 2

9(— yj +y? =106
5

81

25

106 y? =106
25

y? =25
y=-50r y=>5

-1

y’ +y? =106

When y=-5, x:g(—S):—&

When y =5, x=§(5):3.
The equations of normal:
5 5
—(-5)=—(x—-(-3 -5=—(x-3
y—(-9) 27( (=3)) ory 27( )

27(y+5) =5(x+3) or 27(y—5) =5(x—-3)
27y +135=5x+15 or 27y—-135=5x-15
5X—-27y—-120=0 or 5x—-27y+120=0

SE Production Limited

(M1) for valid approach

(A1) for correct approach

Al

(M1) for setting equation

Al

(A1) for substitution

A2
[8]



1.

(a)

(b)

(©

f(a)=arctana

arctana+ In(1+a?) =arctana

(M1) for setting equation

In(l+a®)=0
1+a’ =1
a’=0
a=0 Al
[2]
, 1 1
f'(x)= 5 +(—2j(2x) (A1) for correct approach
1+x 1+x
1+2x
f'(x)= Al
() 1+ x°
[2]
f'(x)=0
g M1
1+x
1+2x=0
2x=-1
1
X=—=
2
By the first derivative test, M1A1l
1 1
X X<—= | X===| X>-=
2 2
F'(x) — 0 +
Thus, there is no local maximum of f(x) for
xelR. AG
3]

SE Production Limited



(d) By the first derivative test, f(x) attains its

- 1
minimum at x = —5- (R1) for correct argument

(5wl (5]
() -w3)ond

Thus, the coordinates of the local minimum of f (x)

are (—% arctan (—%}rln%). Al
[2]
2 p—
(e) f"(x) = (X )((21)+ S; 2X)(2X) (A1) for correct approach
£7(x) = 2+ 2X% —2X—4x?
(1+x?)?
2—2x—2x°
f " —
==y
2(1—x—x)
f'"(X)=—————+ Al
) (1+x%)?

[2]

SE Production Limited



@  f'(x)=0

v __y2
2(1-x : >: ) M1
@+x%)

2(1-x—x*)=0
X*+x-1=0 Al

_ —1i«f12 —4(M(-D

- 2(1)
x=_1;£ or x:__\E Al

X x<_l_\’/g x:_l_\/g _1_\/§<x<_1+\/g x:_lJM/g X>_1+\/§
2 2 2 2 2 2
f"(x) - 0 + 0 -

f"(x) changes its sign at x = — _2 and

_l+\6 M1

2
Thus, there are two points of inflexion of f(x) for
xelR. AG
[4]
(9) f(—x) =0 has the solutions x=0 and x=1.17. (Al) for correct values

The x -coordinate of the local minimum of f(—x)
.1
is —.

2
S X<0or x>1.17. A2

3]

SE Production Limited



(a)

(b)

(©)

(d)

(€)

(f)

y=2 Al
[1]
e
f'(x)=0-e 2 (-Xx) (Al) for correct approach
1,
f'(x)=xe 2 Al
[2]
f'(x)=0
)
~xe? =0 M1
x=0
By the first derivative test, M1A1l
X x<0 x=0 x>0
f'(x) - 0 +
Thus, there is no local maximum of f(x) for
xeR. AG
[3]
By the first derivative test, f(x) attains its
minimum at x=0. (R1) for correct argument
Loy
f0)=2-e 2" (M1) for substitution
f(0)=2-1
f(0)=1
Thus, the range of f(x) is1<y<2. Al
[3]
) e
f'(x) = (l)(e 2 j+ (x)[e 2 J(—x) (A1) for correct approach
Ly
f7(x) = (1-x%)e 2 Al
[2]
f"(x)=0
e
S(1-x)e? =0 M1
1-x*=0
x> =1
x=-1or x=1 Al
X X<-=1|x=-1]-1<x<1l]| x=1 | x>1
f"(x) - 0 + 0 —
f"(x) changes its signat x=-1 and x=1. M1
Thus, there are two points of inflexion of f(x) for
xeR. AG
[3]

SE Production Limited



(9) The y -coordinate of the points of inflexion of
f(x)

1.2
=2-e 2" (M1) for substitution
1
=2-e?2
The y -coordinate of the points of inflexion of

g(x) =+ef (x)+k

=Je [2 - e_% ] +k (A1) for correct approach
=2Je—1+k
s 2Je-1+k=0
k=1-2e Al
[3]

SE Production Limited



(@)

(b)

(©)

(d)

X=-6, X=6

109 = O =390 -((20
(x*—36)
X? —36-2x°
(x* —36)?
36+ X
(x* —36)°

f1(x) =

£/(x) = -

f'(x)=0
36+ x°
T (¢-36)2
36+x°=0
x> =-36
S F'(x)#0 for x#=—6, x#6.
Thus, there is no local extrema of f(X).

_(x*=36)*(2x) - (36 + x*)(2)(x* —36)(2x)

f"(x) =
% (O =36
, 2X(x* —36)* —4x(36 + x*)(x* —36)
F'()=- 2 _apy\2y2
((x"—36)")
£7(x) = —2x(x* —36) + 4x(36+ x%)
(x* —36)°
. 22X + 72X +144x + 4X°
f(x) = 2 3
(x=—36)
2x° +216x
fr(xy="2 5222
o (x> —36)°
2
£7(x) = 2x(;( +1038)
(x*—36)

SE Production Limited

A2
[2]

(A1) for correct approach

Al

[2]

M1

Al
AG

[2]

(Al) for correct approach

(M1) for simplification

Al

3]

10



(€)

(f)

£7(x)=0

(x* -36)°
2X(x* +108) =0
x=0 Al
X x<0 x=0 | x>0
') | - 0 +
f"(x) changes its sign at x=0 only. M1

Thus, there is only one point of inflexion of f(x). AG

Let — X = A + ,Where A and B are
X°—-36 X+6 X-6

constants.
X _  Ax-=6) N B(x+6)

X2 =36 (Xx+6)(x—6) (x+6)(x—6)
X _ AX-6A+Bx+6B

x2—36  (x+6)(x—6)

x=(A+B)x+(-6A+6B)

1=A+B

B=1-A

0=-6A+6B

0=—6A+6(1-A)

12A=6

1

2

A=

~B=1-1
2

B
2

) X _ 1 N 1
" x*-36  2(x+6) 2(x—6)
f(x)= 1 + !
2(x+12-6) 2(x-6)
f(X)=g(x+12)+g(x)

1

2(x—6)

S g(x) =

SE Production Limited

M1

Al

Al

Al

Al

[3]

[5]

11



(@) X=-5, X=5 A2
[2]
(x? = 25)(2x) — (x* + 25)(2X)
(b) f'(x)= (< —25)° (A1) for correct approach
F1(x) = 2x° —50% — 2x° —50x
(x* —25)?
100x
f'X)=—m— Al
9 (x* —25)?
[2]
() f'(x)=0
_100x M1
(x* —25)°
100x=0
x=0
By the first derivative test, M1A1l
X X<-5 X=-5 -5<x<0 x=0 O0<x<5 X=5 X>5
f'(x) + Undefined + 0 - Undefined -
Thus, there is no local minimum of f(x). AG
[3]
2 2 _ 2
(d) f"(x)=-— (x“—25) (100()(x 2(10205)2()22)()( 25)(2%) (A1) for correct approach
£7(x) = —100(x* —25)° + 400x* (x> — 25)
(x* —25)*
_ 2 2
£7(x) = 100()(‘)(2 22; 400x (M1) for simplification
£7(x) = —100x? + 2500 + 400x°
(x* —25)°
2
£7(x) = 100(23x + 235) Al
(x* —25)
[3]
SE Production Limited
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(€)

(f)

f"(x)=0
100X +25) _

(x* —25)°

100(3x* +25) =0
3x2+25=0

X2

%
3

Therefore, f"(x) =0 for x=-5, x#5.
Thus, there is no point of inflexion of f(X).

(i)

(i)

f(x)zi+i+c
X+5 X-=5

x*+25_ A(x-5)

x?—25  (x+5)(x—5)
B(x+5) +C(x2—25)
(x+5)(x=5) x*-25

X*+25 AX-5A+Bx+5B+Cx*—25C

X225 (X+5)(X—5)

M1

Al

AG
[2]

M1Al

x* +25=Cx*+(A+B)x+(-5A+5B—-25C) Al

Cc=1
0=A+B

B=—A
25=_5A+5B—25C

. 25=_5A+5(—A) - 25(1)
10A=-50

A=-5

~.B=—(-5)

B=5

y=1

SE Production Limited

Al

Al

Al

Al
[7]

13



1. @ V :erzejh Al
1.,
50=§r oh M1
h=100 AG
r<o
[2]
(b) A= 2(% r20j+(r¢9)(h)+2(rh) (M1) for valid approach
A=r’0+r6h+2rh
A=r’0+ re(lg—oj+2r(liﬂ) (M1) for substitution
r<o reo
a=rig+ 20, 20 Al
r ro
[3]

SE Production Limited



(©)

(d)

r=ré
=1 Al
A= r2(1)+@+@
rr@
a=r? 30 Al
r

dA_ 2r +300(-r?) Al
dr
d_A =2r _3_020
dr r
6,
dr

230 _g vt

r
2r®-300=0
r* =150
r = 3150 Al
By the first derivative test, M1A1l
X 0<x<3150 | x=3150 | x> 3150
dC
— - 0
dx "
Thus, A attains its minimum when r =3/150 . AG
[7]
300
(3150)% + —— =k3/22500 M1) for setting equation
300
I150° + — k3150
3150
150+ 300 =k (150) (AL) for correct approach
450 =150k
k=3 Al
[3]
SE Production Limited
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(€)

L 100
(/150 (1)

he 100
350
. 1003/150
150
h= E 3150
3
h:gr
3
~b=2
3

SE Production Limited

(M1) for substitution

(A1) for correct approach

Al

[3]

16



(@)

(b)

(©)

A=27r%+2xrh+ 7r?
A=37zr?+2xrh
125=37r? + 2zrh
125 3.

2rr 2

he 125 3

S r 2

h:r=11:1
hou
R
h=11r

2zr 2
.'.11r:%—§r
2zr 2
125 3,
=———r
27
25r2—125

2 2r

11r®

SE Production Limited

Al

M1

AG
[2]

(AL) for correct approach

(M1) for substitution

(AL) for correct approach

Al

[4]
(M1) for valid approach

(M1) for substitution

Al
[3]

17



(d)

(€)

125 5

V=—"r——2ar
2 6
dv 125 5
— =)= 7x(3r? Al
ar - 2 Dg7Cr)
dv. 125 5
— =17
dr 2 2
Vv _,
dr
.-.12—5—57”2:0 M1
2 2
125-57zr2 =0
ar?=25
25
r=,—
T
5
r=— Al
Jr
By the first derivative test, M1A1l
0<r<i r—i r>i
' N N N
dv
uh 0 —
dr *
Thus, V attains its maximum when rzi. AG
N
[5]
3
125( 5 5 5 25
— | —=|-—=x| = =,]— M1) for setting equation
Z(JZJﬁ[«/Zj = (M) for setting 4
625 B 625 625
YNEEE NN
625 625
—_—— = Al) for correct approach
Wr Jke (A1) pp
3 =k (M1) for valid approach
97 =kr
k=9 Al
[4]
SE Production Limited
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(@)

(b)

R*=0P?+r?

oP=R2-r?

V =17rr2h
3

~V :%ﬁrz(R+OP)

-V Z%ﬂ'rz(R+’\/R2—r2)

VZ%ﬂrz(R+\/R2—r2)
N L enRJR =)
dr 3

Lo E;}(—Zr)
3 2\/R* —r?

d—Vzgﬂ'l’(R+’\/R2 —rz)—%ﬂr{#j

dr JR? —r?
dv _2zr(RVR*-r?+R°-r?)  ar’
dr 3WR? —r? 3R —r?
dv  ar(2RyYR*—r? +2R*~2r’ —r?)

dr 3WR* —r?

dV _ zr(2RVR?—r? +2R* -3r?)

dr 3WR*—r?

SE Production Limited

(M1) for valid approach

(A1) for substitution

Al
[3]

M1A1l

Al

M1

Al

AG

[5]
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(©)

(d)

v

—=0
dr
2r(2RJRE—r? + 2R? —3r?)
=0 M1
3WR? —r?
2R\R? —r? +2R*-3r* =0
2R\/R? —r? =3r* —2R?
AR(RP=r?) =(3r* —2R?)? M1
4R* —4R%r* =9r* —12R*r* +4R* Al
8R’r? =9r*
2= SR
9
_x2, Al
3
By the first derivative test, M1A1l
r 0<r<&R r:&R MR<r<R
3 3 3

dv

hakdl 0 _

dr "
Thus, V attains its maximum when r = % R. AG

[6]
1, 8 R® || R+ ’RZ _8 R? |= L7rR3 (M1) for setting equation
3 \9 9 81
8 R R+ fle LI
27 9 81
8 1 kK 5
— 7R R+=R [=—7zR (A1) for correct approach
27 3 81
E7zR2 ﬂ Rj = L7zR3
27 3 81
32 5 k 3
—nR>=—n7zR (A1) for correct approach
81 81
k=32 Al
[4]
SE Production Limited 20



(e The minimum capacity

= f7ZR3 —gﬂRS
3 81

:EﬂR3
81

SE Production Limited

(M1) for valid approach

Al

[2]

21



(@)

Let | be the distance between the centre of the top

square face and one of its vertices.

12 4+1° =x

212 =x?
«/Elzx
X

2

2

By considering a pair of similar triangles,

SE Production Limited

M1

Al

M1

M1

AG

[4]

(M1) for substitution

Al

[2]

22



dv J2H

c —— =H(2x)———(3x? Al
(© v (2x) R (3x%)
d—V:ZHX—?’\/?H x? Al
dx 2R
Vv,
dx
.'.2Hx—3\/_ﬂx2:0 M1
2R

AHRX —32Hx% =0
AHRX = 3v/2Hx?

4
X=—=R
W2
X= & R Al
3
By the first derivative test, M1A1l

22| 22| 22

X O<x<——R ——R<x<R
3 3

dv
- 0 _
dx *

2\2

Thus, V attains its maximum when X = T R. AG

[6]
(d) The maximum value of V

_ H[& R]z_@(&RT

(M1) for substitution

3 2R 3
=H (§ sz—@ @ R® (A1) for correct approach
9 2R 27
= 8 HR? _16 HR?
9 27
-8 pr? Al
27

[3]

SE Production Limited 23



(€)

The total surface area

= 2X% +4xy
AL B
3 2R
2\/_ 2H
‘2(9Rj (3 J(H_?)
:@RZ ﬂ[ER)
9 3| 3
160, 8J'
9
:§R(2R+\ﬁH)

SE Production Limited

(M1) for valid approach

B (A1) for substitution

(A1) for correct approach

Al

[4]

24



1.

(@)

(b)

X* +y? =50
i(x2)+3(y2) =%(2500)

ZX% +2y— dy
dt dt

X +14% =50

x> =2304

X =48

=0

- 2(48) % +2(14)(10) =0

06 X _ 280
dt

dx 3B
= ms

dt 12

Let =O0BA.

sing =
50

diy

Lo -5 2]
cos gd_e_id_y
dt 50 dt

sin9=E
50

14 do
(BT L
50) dt 50

2400 1
25dt 5
dé 5

— =—rads™
dt 24

SE Production Limited

(M1) for valid approach

(A1) for correct approach

Al
Al

[4]
(A1) for correct approach
(A1) for substitution
Al

[3]

25



(@)

(b)

x2+y2:H2

d o, d, , d

— () +—(y*)=—(H
g O g () =4
dx dy ., dH

2X—+2y —=2H —
dt dt dt

- 2X(40) +2y(9) = 24(X* + y?

dH
40X +9y = \(X* +y? —
y y at

dH  40x+9y

E_ {X2+y2

40=%:>x=40t

9=%:> y =9t

. dH _ 40(40t) +9(9t)

" Jaony - @°
dH 1681t
W 4
aH
H

41

)

aH
dt

SE Production Limited

Al

M1
Al

Al

AG

[4]
(M1) for valid approach

(AL) for correct approach

Al
[3]
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z=xy’+Iny

i(z) =E(xy2)+i(|n y)

i (dt]( )+ ()[ Y

%_yz% 2Xy_|_1 d_y
dt dt y ) dt
5=xe’+Ine
4 = xe*

4
X:e—2

Ly

y dt

e
dt e e e

SE Production Limited

(M1) for valid approach

(A2) for correct approach

(M1) for substitution

(A1) for substitution

Al
[6]
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sin”
sing_ " g

X 60
sing 1

x 120
x=120sin g

d d .
m (x)= o (120sin f)

X =120cos B 4
dt dt

.n T
sing St 6
602 60
V2

2

sin g =

zdp
..9042 =120cos ——
J_ 4 dt

L (\2)dp
902 _120(7 T
90+/2 = 6042 Z—f

a5 _ 1.5rads™
dt

SE Production Limited

(M1)(A1) for substitution

Al

Al

(A1) for correct value

(A1) for substitution

Al
[7]
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1.

s*+4s+5t" =0

d,, d d .. d
—(s°)+—(4s)+—(5t")=—(0
dt( ) dt( ) OIt( ) dt()

25%+4§+20t3 =0
dt dt

(2s+4)% = _o0r°
dt

ds _ 20t°
dt 2s+4
ds 10’
dt S+2
(s+2) d (10t%) - (10t°) d (s+2)
d’s dt B dt
dt? (s+2)?
d’s (s+2)(30t2)—10t33:
at? (5+2)°

—=- +
dt> s+2 (s+2)°
d’s 30t 100t°

a2 s+2 (s+2)°

d’s  30t* 10’ (_10‘[3J

SE Production Limited

(M1) for valid approach

(A1) for correct approach

Al

(A1) for correct approach

(M1) for substitution

Al

[6]
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s=tan't?

ds 1
T(u(ffj(m)

ds 2t
dt 1+t
d’s _ (1+t*)(2) - (2t)(4t%)

dt? (1+t%)?

d’s _2+2t" -8t

dt? (1+t*)?

d’s _ 2-6t*

dt>  (1+t%)?

[ _ 2-6(/2)"
dt’l_, (@+(2)*)?

dt? 25

_ -2

ms

t=\2

s=log,(3—2¢")

B[ 1 e
d ((3-2e)In4
ds 2¢'

dt  (3-2¢')In4
d’s 1 [(3-2e')(2e")—(2¢')(-2¢")
dt?  In4| (3—2¢")?

d’s 1 _6e‘—4e2‘+4e2‘}

dt? 4| (3-2¢")’
¢ e
dt®>  (3-2¢')’In4
- d_ZS o 6e|r‘|2

dt? ., (8—2e"?)*In4
ds| 62
d?| .~ (3-2(2)%In4
d’s 2
[ T

t=In2

SE Production Limited

(A1) for correct approach

(A1) for correct approach

Al

(M1) for substitution

Al

Al

Al

Al

Al

M1

AG

[5]

[5]
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(@)

(b)

s =tarccost

ds
& = (D(arccost) + (t) {—

)

ds
— =arccost —
dt

1-t?
& _,
dt
By considering the graph of y =arccost — t =,
1-t
t =0.6521846.
~.1=0.652
V1-t)@) —(t —2t
@ ( @) - ()[ \/—]( )
dt* ¢ (W1-t2)?
t2
, 1-t? 4 ———
ds_ 1 1-t°
dt2 -2 1-t°
d’s 1-t? 1-t? t?
a2 3 3 3
(-2 (@-t%)? @-t%)?
d’s 2+t
2= 3
dt (1-12)2
sk=-2

SE Production Limited

(A1) for correct approach

(M1) for setting equation

Al
[3]

(A1) for correct approach

(M1) for valid approach

Al
[3]
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1.

@ The triangles ABP and PCD are similar.
. CD _11-x
X 4

CD =%x(11— X)

cD=-1yx2 1y
4 4

1
(11—x)(—x2 +xj
TGN 4 4

() () 5 5

H :2x+(11—x)(—£x2+1—1xj
8 8

11 ,

H=2x—-—x 121
8

1, 11
+ X+ =X
8 8

__X2
8

Holye e 17,
8 4

. dH 1 11 137
i) ——==(3x)-—(2X)+—-(L
@ =g @0
dH 3, 11 137
==X == X+—

ax 8 2 8

aH_,

dx

.‘.§x2—1—1x+gzo
8 2 8

3x* —44x+137=0
By considering the graph of

y =3x* —44x+137, x =4.4853321 or

(M1) for valid approach

Al

(M1) for valid approach

(AL) for correct approach

Al

(A1) for correct approach

(M1) for setting equation

x=10.181335.
By the first derivative test, M1Al
X 0<x<4.4853321 X =4.4853321 4.4853321< x <10.181335
dH /dx + 0 —
X x=10.181335 | 10.181335<x<11 x=11
dH /dx 0 + +
Thus, H attains its local maximum at
X =4.4853321. R1

When x =4.4853321,

SE Production Limited

[2]
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(©)

(d)

-1t (4.4853321)3 - % (4.4853321)

13—7 (4.4853321)
H= 32.76585438
When x=11,

137

1.5 11, .,
H =20 - @)’ +=-a)

H=22

Hence, the maximum value of H is 32.8.

(i) x=4.49
tanH:ﬂ

X
seczed—gz—i2

dx X
d_e 4cos’ 0

x?

4
_:__2
do 4
dx 16+ x*
dH _dH do
dx dg dx
3, 11 137 dH( 4
XX+ = — >
8 2 8 do\ 16+x
3x2—44x+137_d_H(_ 4 ]

8 do\ 16+x?
dH  (3x* —44x+137)(16+X)
do 32

SE Production Limited

(M1) for susbtitution

Al

Al
[11]

(AL) for correct approach

(M1) for valid approach

Al
3]
(M1) for valid approach
(A1) for substitution
Al
[3]
33



(a) K :2(%(x—1)(6—x)zsin 60")

g

K =(x-1)(36-12x + XZ){7

(A1) for substitution

K= ? (—36+48x—13x* + x°) Al
[2]
(b) Q) Z—K = g (0+48(1) —13(2x) + 3x?) (A1) for correct approach
X
d—K:ﬁ(48—26x+3x2) Al
dx. 2
. dK
I —=0
(ii) ix
?(48—26x+3x2) =0 (M1) for setting equation
3x*—26x+48=0
(3x—-8)(x—6)=0
X= g or x=6 (Rejected)
By the first derivative test, M1A1l
X O<x< 8 X= 8 8 <X<6
3 3 3
dK
il 0 _
dx "
Thus, K attains its maximum at x =§ R1
The maximum value of K
2 3
_ B g5, 48@_13(%) (ﬁj
2 3 3 3
_ 25043 AL
27
8
ii X=— Al
(iii) 3
[8]

SE Production Limited
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(©)

(d)

BC? = BD? + CD? — 2(BD)(CD) cos BDC (M1) for cosine rule
C*=(x-1)°+(6-x)"—2(x—1)(6—x)*cos60° (A1) for substitution

BC? = (x—1)* + (6 —x)* — (x—=1)(6 — x)*

BC = \/(x—=1)? + (6 - X)* — (x~1)(6— X)?

By considering the graph of

y == +(6-x)" - (x-1)(6-x)°,

3.0634008 <y < 25.

Thus, the range of values of BC is 3.06 <BC < 25.A2

[4]

When K attains its maximum, x —%

e LR R T

BC =10.378634 Al
BC <25

Therefore, BC does not attain its maximum when

K attains its maximum.

Thus, the claim is disagreed. Al

[3]

SE Production Limited
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(@)

(b)

DP? +250% = x°
DP = /x* —62500 (AL) for correct approach
AP PC

T=—+
2 4

_Xx, 500 —+/x* — 62500
2 4

_ 2x+500—+/x* —62500
4

(M1) for valid approach

T

T Al

[3]

1
Q) ?j_T = %[2(1) +0 —%(x2 —62500) 2(2x —0)] (A1) for correct approach
X

d_T_i[z_;J
dx 4 Jx? 62500
dT 2/x% —62500 — x AL

dx 4Jx2—62500

ar _
dx

~ 24/x* —62500 — x 0
43X -62500

24/x* —62500 —x =0
2/ 62500 = x

4(x* —62500) = x*

4x* — 250000 = x* (A1) for correct approach

3x* = 250000
. 250000
X =

(ii) 0

(M1) for setting equation

3
500+/3 5004/3
3

or X=-—
3

By the first derivative test, M1Al

3 500+/3 . 5003ﬁ . 502\5

X= (Rejected)

X 250 < x

dT

— - 0
dx *

50(:);@ .R1

Thus, T attains its minimum at X =

The minimum value of T

SE Production Limited
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2
S E e

4
=233.2531755
=233s Al
@) x= —500\@ Al
3
[9]
(0 L=AP+PC
L = x+500—+/x* —62500 Al
1
d—L=1+0—1(x2—62500) 2(2x-0) Al
dx 2
dL X
e AG
dx JX* —62500
[2]
(d) When T attains its minimum, X =M.
By considering the graph of
y = X+500—+/x? —62500, the graph of L is
concave upward. (M1) for valid approach
2
.'.d—|2'>0 for x>250
dx
i(d—LJ>O for x>250 R1
dx \ dx
dL . . : .
Therefore, ™ is increasing when T attains its
minimum.
Thus, the claim is agreed. Al
[3]

SE Production Limited



(a)

(b)

(©)

g(x)=e™
9'(x) = (€7™)(~2x)
g'(x) = —2xe™

9"(x) = (-2)(e™) + (-2x)(e™)(-2%)

9"(x) =2 +4x%e™
9"(x) = 2™ (2x* -1)

O<x<i

J2
0<x2<l
2

0<2x’<1
—1<2x*-1<0

2
e >0 for all values of x.

1
20"(X)<0 for O<x<—.
g"(x) 72

Thus, the graph of g(x) is concave downward for

0< x<i
N

(i) OA=e”-0
OA=1
BB =e¢™ -0
BB =¢ ™

CC'=e?2
1
e — (1
" (e +e 2)
h
r_Gre)h) 2
2 2
T:h+he*“2
2
1 . 1 1 " A
—=e " +—=e?-he" —he?
2 2
+

SE Production Limited

(A1) for correct approach

(A1) for correct approach

Al
[3]

Al
Al

AG

[2]

(A1) for correct value

(A1) for correct value

(A1) for correct approach

38



1 1
_2h++2e™ +2e 2 —2he 2

T Al
4
N ar 1 " 1
(i) P 2(1)+\/§e (-2h)+0—2e 2(1) | (ALl) for correct approach
dT 1 2 -1
—=Z|2-2J2he™ —2e 2
dh 4 V2 J
dT 1 P
—=>|1-+2he™ —e 2 Al
dh 2 V2 j
dT
il —=0
(iii) m
1
%(1—\/§he“2 —e 2} =0 (M1) for setting equation
, L
1-J2he™ —e2=0
By considering the graph of
1
y=1-+2he™ —e 2, h=0.3054287.
By the first derivative test, M1A1l
1 1
h | h=0 | 0<h<0.3054287 | h=0.3054287 | 0.3054287<h<—= | h=—
V2 V2
dT
- 0 _ _
ah + +
Thus, T attains its maximum at
h=0.3054287 . R1
The maximum value of T
2(0.3054287) + /26 035427
1 1
 +J2e 2 -2(0.3054287)e 2
4
=0.5965926
=0.597 Al
(iv)  h=0.3054287 Al
[12]
39
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1 1
Ts 2(0)+/2e " +/2e 2 —2(0)e 2

(d)
T> —ﬁ+fe2

4

SE Production Limited

M1

Al

AG

[2]
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Chapter 12 Solution

K _ax+3 _1 3(n28
1. joe dx—ze(e 1)

Let u=e"". (M1) for substitution

du _ 1du = e 3dx
dx 4

x=k=u=e

40)+3 _ 3

4e4x+3 =

4k+3

Xx=0=u=e
84k+3 1 1 3 28 .

J.e3 Zdu = Ze (e” -1 (A2) for correct working

Fu} :Ees(ezg—l) Al
4 ], 4
£e4k+3_£63:£e31_1e3
4 4 4 4
4k +3=31
4k =28
k=7 Al
[5]
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=3
0 sin® X k
.[,, dx=—-In2
-3 COSX

- 2 -
0 Sin“ X-sin X k
O XS X g - X _pn2
-3 COSX 8
Let u=cosx.

du _ —sin x = (=1)du = sin xdx
dx

1-u® =sin®x
X=0=u=cos0=1

T (ﬂj 1
X=—==u=cos| - = |==
3 3

2
_ 2
A (cndu=K 2
> u 8
.'.ji(u—l)du:E—an
3 u 8
1 T k
~u’=Inju[| ==-In2
2 jE

2

1, 11y 1
E(1) —Inl _[E(Ej —InE]

1—[l+ln2j=5—ln2
2 \8 8

§—Ir12=£—|r12
8 8
k=3

SE Production Limited

=5—m2

8

(M1) for substitution

(A2) for correct working

Al

Al

Al
[6]



rc ! 5 dX
e X(Inx) 9

Let u=Inx.
d—uzlzdu=1dx
dx x X

x=e=u=Ine’ =c

X=e=>U=Ilne=1

8

SE Production Limited

(M1) for substitution

(A2) for correct working

Al

Al
[5]



dx =16

I“ (VX +X)(L+2vx)
k 2\/;

I:(\/;+x)(%+ljdx:16

Let u:\/_+x

du +1=du= 1 +1jdx

ax 2\/_ ( 2dx
x:4:>u:\/Z+4:6
x:k:>u:\/E+k

6
..I%kudu:lG

6
Fuz} =16
2 ﬁ+k

1., 1 -
> —EcJE+k)—16

36— (Vk +k)? =32
Wk +k)* =4

Jk+k==-2 (Rejected) or Jk+k=2

Wk)* +vk-2=0
Wk +2)k-1)=0

Jk=-2 (Rejected) or Jk =1
k=1

SE Production Limited

(M1) for substitution

(A2) for correct working

Al

Al

Al

Al
[7]



1. J‘l"ln%dx::(x)(lngﬂl _J‘l4xd(ln§j

r -4
rlnﬁdx: xIn5 —I4x-1dx
14 L 4] X

r 4

rlnfdx: xIn5 —rdx

14 | 4 N
4

rlnzdx: xIn> -[X]
1 g 4],

rlnidx: xlnf—x
14 | 4 X
4. X 1

j InZdx =(4In1-4)—| In=-1
1 4 4
I4In§dx:—4—ln1+1

14 4

J'4In§dx=—3—ln1
14 4

SE Production Limited

(A2) for correct working

(M1) for valid approach

Al

Al
[5]



.[4xlnxdx:kln4—E
1 4

Let O=x°.
d«9
dx

j L xd() = kln4—%

:1d6’:2xdx

_%(Inx)(xz)} —lj X2d(In X) = kln4—%

1x2|nx ——j d —Kkin4_2
2 | 4

- -4
Elenx ——I Xdx _kln4—15
2 ] 4

_ —4 4
Lemx| Ll ckma-B
2 2|2 4

L 1 1

- 4
1lenx—1 =kIn 4—E
2 4" ] 4

1o 0 Loo) (Lo Lo
HORESHC) j—(i(l) Int-—@) J

_kina-2°
4

1 15
(8In4—4)—( 4) kind-="

84— —kmna_t°
4 4

k=8

SE Production Limited

(M1) for valid approach

(A2) for correct working

Al

Al

Al
[6]



Let &=cos4x. (M1) for valid approach

d—9 =—4sin4dx = —ldezsin 4xdx
dx 4

. 1
- | x?sin4xdx = | —= x*d(cos 4x
[ = xd(cos4x)
2 a3 _ _1 2 _ _1 2 H
Ix sin4xdx = 1 X |(cos4x) J. cos4xd 1 X (A2) for correct working

Ixz sin 4xdx = 1 x? cos4x+jE X cos 4xdx

4 2
Let o =sin4x. (M1) for valid approach
da

—— = 4c0s4xX = 1doz = C0S 4xdx
dx 4

.'._[xzsin4xdx=—£xzcos4x+_|-£xd(sin4x)
4 8
Ixzsin4xdx:—%xzcos4x

1 ] ] 1
+| =x [(sin4x) —|sindxd| =X

(57 anen-Jsinaa] 32

Ixz sin4xdx = 1 x? cos4x+£xsin 4x—_|.lsin 4xdx
4 8 8

(Al) for correct working

2

Ixzsin4xdx:—1x cos4x+1xsin4x+icos4x+c Al
4 8 32

[6]
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Let @=sinx.

d—ezcosx:dezcosxdx
dx

je3X cos xdx = Je”d(sin X)
Iesx cos xdx = e** sin x—jsin xd(e®)

Iesx cos xdx = e*sin x — jSSin xe>*dx

Let o =cosX.
d_a =—sin X = da = —sin xdx
dx

je” cos xdx =e* sin x + I3e3xd(cos X)
.[ e¥ cos xdx = e* sin x +3e* cos x — j cos xd(3e*)
I e¥ cos xdx = e*sin x +3e* cos x — j 9e** cos xdx

10J' e>* cos xdx = €** sin x +3e* cos x + C

” 1 ) ,r
I e** cos xdx = —[e3X sin x +3e* cos x]
0 10 0
37T A2 3z
. 11| (e**sinz+3e”” cosx
IO e cosxdx = — ( )

10| —(€*@ sin0+3e* cos0)

r 6% Cos xaX = (—3e% -3)
0 10

re?’x C0S XX = — (€* +1)
0 10

SE Production Limited

(M1) for valid approach

(A2) for correct working

(M1) for valid approach

(AL) for correct working

Al

Al

AG
[7]



1.

(a)

(b)

1
fx)= (X+2)(x—4)
Let L = A + , Where A and
(x+2)(x—4) x+2 x-4

B are constants.

1 _ Ax=4) N B(x+2)
(x+2)(x=4) (x+2)(x=4) (x+2)(x-4)

1 _ Ax—-4A+Bx+2B
(x+2)(x—4)  (x+2)(x—4)
1=(A+B)x+(-4A+2B)
0=A+B
B=-A
1=—4A+?2B
1=—4A+2(-A)
1=-6A
P

6

()
6
g1
6

) 1 _ 1 N 1
T (x+2)(x—4)  6(x+2) 6(x—4)

1 1
If(x)dxzj(_s(mz)+6(x—4)jdx

1 1
jf(x)dxz—gln(x+2)+6|n(x—4)+c

SE Production Limited

M1

Al

Al

Al

Al

[4]

[1]



(@)

(b)

3

f(x)=
) X(x—5)
Let 3 Eé+ B ,Where A and B are
X(x—=5) x x-5
constants.

3 :A(X—5)+ Bx
X(x=5) x(x-=5) x(x-5)

3  AX-5A+Bx
x(x—5)= X(x—5)

3=(A+B)x-5A
0=A+B
B=-A
3=-5A
A=_3
5
B=-(—§j
5
B=>
5
3 3 3

x(x—5): 5X  5(x—5)

1 uf 3 3
L f(t)olt:j6 (—§+5(t_5)]dt

11

9 3, . 3
L f(t)dt={—glnt+gln(t—5)}

6

[ f = (—glnll+gln(ll—5)j
3. 3
—(—g In 6+§ In(6—5)j

j“f(t)dt=—§|n11+§|n6+§|n6—§|n1
: 5 5 5 5

[ f@dt=—>In11+ 216
; 5 5

SE Production Limited

M1

Al

Al

Al

[4]

Al

Al
[2]

10



(a)

(b)

(©)

X=-2, x=-1

B X+4
 (x+2)(x+1)
x+4 A N
(x+2)(x+1) x+2 x+1
B are constants.
x+4  _ Ax+) N B(x+2)
(X+2)(x+1) (x+2)(x+1) (x+2)(x+1)
X+4  Ax+A+Bx+2B
(x+2)(x+1)= (Xx+2)(x+1)
X+4=(A+B)x+(A+2B)
1=A+B
B=1-A
4=A+2B
LA4=A+2(1-A)

f(x)

, Wwhere A and

©B=1-(-2)

L x+4 2 3
C(x+2)(x+1) x+2 x+1

5 5 2 3
L f (x)dx = L [—m+x—ﬂjdx
[ f()dx=[-2In(x+2) +3In(x+1);

[ f(x)dx=(-2In(5+2) +3In(5 +1))
_(=2In(4+2) + 3In(4 +1)
[, f(X)dx=-2In7+3In6+2In6-3In5

[} f(X)dx=-2In7+5In6-3In5

SE Production Limited

A2

M1

Al

Al

Al

Al

Al

[2]

[4]

[2]

11



(a)

(b)

(©)

Let = +
(x+5)(x-3) x+5 x-3

0
1-2x
T = e 3
1-2x A

, where A and

B are constants.
1-2x = _ A(X-3) N B(x+5)
(x+5)(x-=3) (x+5)(x-3) (x+5)(x-3)
1-2x ~ Ax-3A+Bx+5B
(x+5)(x=3)  (x+5)(x—3)
1-2x=(A+B)x+(—-3A+5B)

2-A+B
B=-—2-A
1=-3A+5B
~1=-3A+5(-2—A)
1=-3A-10-5A
11=-8A
A=

8

()
8

B=—>

8

1-2x 11 5

C(X4B)(x—3)  8(x+5) 8(x—3)

12 12 11 5
J, Toode=], (_8(x+5)_8(x—3)JdX

12

12 11 5
L f(x)dx:{—Eln(x+5)—§ln(x—3)}

[ f (0dx= (—%1 In(L2+5) —gln(12—3)j
11 5
_(_E In(4-+5)-> In(4—3)j

rzf(x)dx=—1—1In17—§ln9+1—1ln9+§In1
1 8 g8 8 '8

Ilzf(x)dx=—1—1ln17+§ln9
s 8 4

SE Production Limited

Al

[1]
M1
Al
Al
Al

[4]
Al
Al

[2]
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1. X =10sec@d

dd—z =10secHtan @ = dx =10secHtan d &

secl = X
10

0= arCSGCi
10

) 1 10secHtan 6d6
I dx:j
J 2_100 10sec O+/100sec? @100
J- _,[ tan @
«/ ~100 10tan6?
de
v /7
1
=—<9+C
J.xx/x -100
I =iarcsec—+C
xx/x —-100 10

SE Production Limited

M1

Al

Al

Al

Al

AG

[5]

13



N

b3 1 T
1 dx=—
2 1-% k
Let x=sindg.

%:cosezdx:cosede
do

X

z 1
. 4
‘[Z \J1-sin? 6

N

X=—
2

:1:>Q9Zarcsin
2

. T
:>t9:arcsm7:

N

N
oy

-cos&dé?:”
k

4

SE Production Limited

(M1) for substitution

(A2) for correct working

Al

Al

Al
[6]

14



(a) —Xx* —2X+8=—(x*+2x-8)
—X? —2X+8=—(X*+2x+1-9)
—X* —2X+8=9—(x*+2x+1)
—X* —2X+8=9—(x+1)?

W2

O [ s :

d -
218 I3[1«b (X+1)?

Let x+1=3sind.

x=3sinfd-1
%=30039:dx=3c059d0
do
x:i—l _sintN2_7
2 4
x:—%—lze sml{—gjz—%
I’a‘fl dx— I 3cosé
,3f —2x+8 ”\ig 9sin® 6
kNA z
I**;dx:‘[f 3030 4y
X2 —2x+8 -4 3cos @
f T
IZ}* L dx=[+do
— —x*—2x+8 "4
32, 1 n
2. ————dx=[0]*,
—%—1 —x*—2x+8 | ]‘Z
3‘/571 1 dX—” ( ﬁj
Wil xi-ox+8 4\ 4
5
%_l 1 dX:Z
2 —X°—2x+8 2

SE Production Limited

(M1) for valid approach

Al
[2]

Al

M1

Al

Al

Al

AG

[5]

15



(@)

(b)

X? +8x+20=x>+8x+16+4
X* +8x+20=(x+4)*+4

-2 1 -2 1

f ﬁdXZI e e OX
-4 (x°+8x+20) 4 ((x+4) +4)
Let x+4=2tan@.

Xx=2tanf-4

dx

—— =2sec’ @ = dx =2sec’ 6do
dé

x:—2:>6?:arctan1:%

X=-4=0=arctan0=0
_Ifz J- 2sec’ 0

-4 (x? +8x+20) (4tan 6 +4)?
IZ dx = Zsec 0 4o
- (x? +8x+20) 0 16sec 0
j N — dx=_[11c0520d6?
-4 (x +8x+20) 0
IZ : dx — 1 1+cos 26 40
-4 (x +8x+20) 08 2
Iz =ijz(1+00520)d6'
-4 (x? +8x+20) 1670

Ifz%d {6@ smze}
< (X +8x+207% 16| 2 )

2 1
[
-4 (x°+8x+20)

=i Z‘FlSinZ -t 0+lsm2(0)
16\ 4 2 4 16 2

2 1 r 1
SV
-4 (x* +8x+20) 64 32

SE Production Limited

(M1) for valid approach
Al

[2]

Al

M1

Al

Al

Al

Al

AG

[6]

16



Chapter 13 Solution

The area of R

:E f (x)dx

1
= I 2 wcosec? xdx
6

Let u=rxXx.

d—u=7Z':>dU=7Z'dX

1 V4
E f (x)dx = '[ 2 cosec’udu
6 6

E f (x)dx =[~cotu]

olynNy

2 —_cot”®—
j& f(X)dx = cot2
J2 1 00ax =0 (~B)

Lﬁ f (x)dx=+/3

SE Production Limited

(A1) for correct approach

(M1) for substitution

(A2) for correct working

Al

Al

[6]



2.

The area of R

= L f (x)dx

= LEA In xdx

=[] - [ xd(nx)
et e 1

=[xInx]; —L x-;dx

=[xIn x]id —11841dx

[’ [

=¢'Ine* —1In1—(e* -1)

=4e* —e*+1
=3¢ +1

SE Production Limited

(A1) for correct approach

(A2) for correct working

(M1) for valid approach

Al

Al
[6]



jf f(x)dx=2-+2

J'\/‘;— 2x cot x2cosecx?dx = 2 —/2
s

Let u=x>.
du — =2X = du = 2xdx
dx

2

o)

J'f cotucosecudu = 2—+/2
G

[cosecu] =2-+/2

K
6

—coseck (cosec j 2— f

—cosec——( 2)=2— J2

cosecpzx/i

.'.sinzzi
k2 2

T _72'

K 4

k=4

k=2 or k=-2 (Rejected)

SE Production Limited

(M1) for setting equation

(M1) for substitution

(AZ2) for correct working

Al

(A1) for correct approach

Al
[7]



[ f(0dx=e?(2e-1)
k

L xe*dx = e*(2e —1)

Let &=¢".

do

— =e*=d@=¢e"dx
dx

Lk xe*dx = Lk xd(e”)
[00E) ] - jzkede _e?(2e-1)
[xeX]Z —[eX]Z =e’(2e-1)

ke —2e* — (e —e?) =2e% —¢°
(k—1)e* —e? =2¢% —¢°

(k —De* =2¢°
k=3

SE Production Limited

(M1) for setting equation

(M1) for valid approach

(A2) for correct working

Al

Al

[6]



1. The volume of the solid generated
24
:Izgﬁyzdx
3
5z T T
= jzg ﬂcot(x——jcosec(x——jdx
5 2 2
Let u=x-2.
2
d—u=1:du=dx
dx
57 St 7 &
X=—=U=—-"==
6 6 2 3
x=2F _ % 7 7
3 3 2 6

57

/4

o8 ZyPdx = j3 7 cot ucosecudu
3

57

Jg wy?dx =[-rcosecu]

3
5z
6
2z
3

57

6
2z

3
5z

Ja2

3

(2]

z
6

SIEXSIE]

yldx = —;zcosec% - (—ECOSEC %J

y?dx

ydx

2\/3_%

= NOT o
3

_23-\B3)x
3

SE Production Limited

(A1) for correct approach

(M1) for substitution

(A2) for correct working

Al

Al

[6]



y=In%x-In%r

y:Inzi/X
T
1

e =X
V4
X =me™

The volume of the solid generated

2 2
=], 7x dy

[ 2 2ny
_IO ze”™dy
Let u=2zy.

d—u:27r:>%du=7zdy

dy
y =27 =u=27(27)=4r"
y=0=u=27(0)=0

. 2 2 _47r2£u
s 7zxdy_J.0 2edu

2 2 _ T _u
. ﬂxdy—{ze}

2z

47?

0

axidy = Zetrt g0
2 2

2z 2 _z 4”2_
jo Xy = (e 1)

SE Production Limited

(M1) for valid approach

Al

(A1) for correct approach

(M1) for substitution

(AZ2) for correct working

Al

Al
[8]



2 2

X y
EANS S |
9a? 4a’

y _X
4a° 9a’

4

2 _g92 _2y2
y 9
When y =0,

X2

—+0=1

9a

x* =9a°

X=-3a or Xx=3a

The volume of the rugby model

:J-3a 7z-y2 X
_I (4a ——X jdx
- 3a
=7 4a2x—ﬂ(1x3J
i 913 a

r 3a
= 7| 4a’x— 4 x3
i 21 4,

= r(12a° —4a® +12a° — 4a®)
=167a’

_ (4a2 (3a) % (3a)3j _ (4a2 (~3a) ZiY (—3a)3D

SE Production Limited

Al

M1

Al

Al

Al

Al

AG

[6]



hx+ry—-3hr=0
hx =3hr —ry

r
X=3r——
hy

The volume of the conical frustum

2h

_ 2
=], zX“dy

(gt 2d
_joﬁ r_ﬁy y

=r 9r2y—3—y +—

B 2
=7 9|’2y_6L[ly

= [9r2(2h)—3—:(2h)2 +

r2
3n?

= ﬂ(lSrzh —12r%h +g rzhj

26
=—nr

’h

(2h)3J—O]

SE Production Limited

Al

Al

M1

Al

M1

Al

Al

AG

[7]



1. @

(b)

(©)

f(—x) = sec%(—x)

f(—x) = sec(—% xj
1

f(X)=—1
COS| ——X
)

F(x)= T

COS—X
4

1
f(=x) =sec=x
(=x) 2

f(=x) = f(x)

Thus, f isan even function.

(i) {x:0<x<2r7}

. 1
(i) y—sec4x
= x=secly
4
Ezcosly
X 4
1 1
arccos—=-—y
X 4
y=4arccos1

X

LX) = 4arccos1
X

SE Production Limited

M1A1

AG

[2]
M1

Al

AG

[2]
A2

(M1) for swapping variables

Al

Al

[5]



(d)

f zsec? % xdx = 47 ({3 +1)

Let u=£x.

4
d—u=1:4du=dx
dx 4

1
X=a=>uU=-a
4

1 1
X=—nm=>U==(-7m)=—=7x
4 4

1
J‘_4£,, 4xsec’udu = 4z (x/3 +1)

4

1
J'_Z; sec?udu = /3 +1

4

1
[tan u]iil =3+1

4

1 1
tan—a—tan| ——x7 |=+43+1
4 ( 4 j W3

1
tanza—(—l):«/§+1

tan%a=\/§

1 4
—a=—
4 3

A

a=—
3

SE Production Limited

(A1) for correct approach

(M1) for substitution

(A2) for correct working

Al

Al

M1

Al
[8]

10



1

(a) f(-X) = —=
'aZ _(_X)Z
1
R
f(—x) = f(x)
Thus, f isan even function.
(b) (i) {x:0<x<a}
.. 1
(ii) y= =
1
= X= 2 2
a -y
1
X’ = a?—y?
1
a?— yz _ 7
yZ — aZ _X_12
1
y=,la’ v
(1) =, fa? - =
X

(© The area of R

o
=12 dx
,@a 2 _x2

B

x 2"

=| arcsin—
a|\B,
2

=arcsin g —arcsin (—?)

SE Production Limited

M1

Al

AG

[2]
A2

(M1) for swapping variables

Al

Al

[5]

(A1) for correct approach

Al

(M1) for substitution

Al

Al
[5]

11



(d)

The volume of the solid generated

Let x=asinég.

% =acosd = dx=acosgd@

do
X=ﬁa:>sin9:ﬁ:>9:£
2 2 4
X=—£a:>sim9:—£:>0=—£
2 2 4

ﬁa 9 z 1
J._zﬁaﬂ.y dX:ﬂ'Ij‘zm.acosedg
2 4

N P

Ta = acosd

2 gyPdx=r7|4 ———"—
IJja Y I—jaﬁ(l-sinzg)
N p

La 2 acosd

2 ryldx =7 |4 —"d@
I_fa y IZ a’cos® 0

1
acosd

dé

2 z
J.g; ryldx = 7Z'J.Zﬁ
e, -z

2, P
Izﬁ nyzdx=—j4ﬁseced9
a a’'-

&z 1

'f_?j;;anyzdx = %[In [sec6+tan 6] ]*

V4
1
—TT
4

In

1 1
sec—7r+tanz7r

sec| ——rx |+tan| ——rx
4 4

2,
[ % zy*dx==(n(2 +D)-In(v2 -1))
-5 a

N
2, g
jfﬁaﬂy dx=—
2 —In

2+1

V21

N2
2 vy =2
J._ﬁaﬂy dx = aIn

2

SE Production Limited

Al

Al

M1

Al

Al

M1

Al

A2

Al

12



r e (2412 +1)
Lﬁaﬁy dx = . In (\/5—1)(\/5+1)

2

Z,
J. \2/5 ﬁyZdX:ZmL\EH
-5 a 2-1

N

[% zy'dx="In(3+242)
-5 a

SE Production Limited

M1

Al

AG

[12]

13



(a)

(b)

(©)

If f(a)="f(b),

2.33=2.3

3F=3

a=b

Thus, f is a one-to-one function.

y=2-3"
=x=2.3

2 _qy
2

y—logi
)

170 =log, ~
(x) =log, -

f'(x)=2-3"In3
2-3*-0
a-0
2.3
a

f'(a) =

~.2-3In3=

InB:l
a

1
a=—
In3
The equation of L:
1
2303
S
In3

1
y:LZIn3-3'“3jx

(x=0)

SE Production Limited

M1

R1
AG

[2]

(M1) for swapping variables

Al

[2]
(A1) for correct approach

(M1) for setting equation

(A1) for substitution

Al

Al

Al

[6]

14



(d) The volume of the solid generated

2
1 1 1
:J"(:"37r(2-3x)2dX_J-0'”37r[[2In3-3'“3Jx} dx M1A1
1 2
:ﬂj()'n3(4-9x—4(|n3)2-3'”3X2]dX Al
_ 1
.OX 2 In3
= 4-9 —ﬂ(ln3)2-3'“3x3 Al
i In9 3 o
1 ) 3
.QIn3 £ .q0
o 30 Ay g L) (A9,
In9 3 In3 In9
1 2
.QIn3 .12In3
. 4.9 _4 3 B 4 M1
In9 3In3 In9
1 1
_ 4o 40w 4
In9 3In3 In9
1 1
.QIn3 .QIn3
. 4.9 _4 9 B 4 Al
2In3  3In3 2In3
1 S
. 12-9'”3_8-9'“3_ 12
6In3 6In3 6In3
1 1
.Qin3 _Q.qIn3 _
. 12-9 8-9 12 M1
6In3
1
.QIn3 _
_ |29 12 M1
6In3
1
4(9'”3—3)
=7
6In3
1
27[[9'“3—3]
_ AG

[8]

SE Production Limited



(a)

(b)

(©

If f(a)=f(b),
klog,a=klog,b
log,a=1og, b
a=b

Thus, f is a one-to-one function.

y =klog, x
=x=klog, y
X
E= |ng y
y =2
() =2k
i:ZT
32

5
2% =2+
5-_2

k
k=1

SE Production Limited

M1

Al
AG

[2]

(M1) for swapping variables

Al

[2]
(M1) for setting equation
Al

[2]

16



(d)

(€)

0=log, x
x=1
The area of R

= Lez log, xdx

o2
1

2
bzxdx:e +1
0 In2

> T 41
[Inzl_ In2
2> 2° e+l
N2 2 In2
2" -1=¢e’+1
2" =e? 42
b =log,(e* +2)

SE Production Limited

(A1) for correct value

(A1) for correct approach

Al

(A2) for correct working

(M1) for valid approach

Al

Al

Al

[9]
M1AL

Al

Al

AG
[4]

17



1.

(a)

(b)

(©)

log, y° +log, x = log, 162

log, ¥ +29: X _jog, 1642
log, 2

log, x
log, y® + 18

3
log, y° +3log, x = log, 16+/2
log, y° +log, X® =log, 162
log, y°x¢ =log, 162
L YE =162
yx =242
x=242y"

=log, 16+/2

LC 22y dy =22
o] -2

2J2Inc-2\2In1=22
22Inc=2\2

Inc=1

c=e¢e

[t -ady = [ (F ()~ (yay

[t -y =["2f (y)ay

[ (F -9y =222y ey

[ (f(-gmdy=[4v2iny]"

[+ -a(y)dy =42In2a 42 Ine
2a

Ija(f (y)—g(y))dy =42 In==

o

fja(f(y)—g(y))dy =4J21In2

SE Production Limited

(A1) for correct formula

(A1) for correct value

(M1) for valid approach
(A1) for correct approach
(A1) for correct formula
M1

Al
[7]
M1AL

Al

Al
M1
AG

[5]
Al

M1

Al

Al

AG
[4]

18



(d)

[ (f () -9(y)dy

=j125 (F(y) -gdy+ [ (F(y)-a(y)dy

500

() -g()dy+ Looo(f(y) g(y))dy

Lm( (y) - g(y))dy + Looo(f(y) a(y))dy

2(125)
125

500
J- 2(2000)
2000

=6(44/21n2)
=2421In2

(f(y)- g(y))dy+I (£(y) - g(y)dy

250

j“ " (F ) - gy + [ (£ (y) - a(y)dy
(F) - g(yNdy+ [ (F(y)-g(y)dy

SE Production Limited

(A1) for correct approach

(M1) for valid approach

Al

Al
[4]

19



(a)

(b)

fF(x)=9(x)
4e2x — 4ex+2
e2x — ex+2

ex — e2

X=2

f (2) = 4e*®
f(2)=4e’

Thus, the required coordinates are (2, 4e*).

The area of R
= (900~ f (¥)ax

= [ (4 — 4e™)x

— 4ex+2_ie2x ?
2 0

_ [4ex+2 _ 2e2x 2
0

_ (4e2+2 _ 2e2(2)) _ (4e0+2 _ 2e2(0))

= (4e* —2e")—(4e*-2)
=2e"—4e*+2
=2((e*)* —2e* +1)
=2(e* -1)?
=2((e+D)(e—-1)?
=2(e+1)°(e-1)>°

SE Production Limited

(M1) for setting equation

(A1) for correct approach
(A1) for correct value
(M1) for substitution

Al

Al

M1

M1
Al

Al
M1
AG

[5]

[7]

20



(©)

(d)

f'(x) = 4(e™)(2)
f'(x) =8>
f"(x) =8(e™)(2)
f"(x) =166
g'(x) = 4e™*?
g'(x) = 4e**
f"(x)=9"(x)
166 = 4e**2
4e2x — ex+2

4e* — @2

e =%
4

e2
Xx=In—
4

N D

x=Ine’—In4
a=2-In4

PQ=|f(2-In4)—g(2-In4)
PQ _ ‘482(2—In4) _4e2—ln4+2

PQ _ ‘4e4—2In4 _4e4—ln4

PQ= ‘484—2In4(l_eln4)‘

4e* .
PQ= a1 (1_e| 4)

4e*
PQ= 16 - 4)‘

e4
PQ= " (—3)‘

PQ="¢"

SE Production Limited

Al

Al

M1

Al

Al

AG
[5]
(M1) for valid approach

(A1) for correct approach

(A1) for correct approach

Al
[4]

21



(a)

(i)

(i)

f(x)=9(x)

c.SinzrxX =sin 27X

Sin zrX = 2SiN X oS X
sinzzx—2sin zxcos zx =0
sinzx(1—2cos zx) =0

] 1
sinzx=0 or comx:z

T
ax=0, 7Xx=7m or 7[X=§

X =0 (Rejected), x=1 (Rejected) or x = %

==
3

The area of the region

= [:(f (0~ g(x))dx

= [ (sin zx—sin 27x)clx
3

{ : ; T
=| ——CO0S X +— COS 27X
T 27 1

1 1 1
cosrz| = |[+—cos2rx| =
(3) 2r L?Jj

1,1,1,1
T 2 2% Arx
4 2 2 1
—_—t
A7z Ar 4Arn Arx

SE Production Limited

(M1) for setting equation
(A1) for substitution

(A1) for factorization

Al

Al

Al

Al

M1

Al

M1

AG

[10]

22



(b)

(©)

The coordinates of Q are Gl}

s.asin ﬁ(ij =1
4

ﬁazl
2

a=+2

f(x)>g(x)

s.asinzrx >sin2zx
asin zzx > 2sin zxcos X
a> 2CcoS X

O<x<1

O<zmx<rm
—l<coszx<1
S.2C0STX< 2

Thus, the least possible value of a is 2.

SE Production Limited

(A1) for correct values

(M1) for substitution

Al

Al
[4]

(M1) for setting inequality

(A1) for correct approach

(Al) for correct values

Al
[4]

23



(a)

(i)

(i)

f(x)=9(x)
..COS2ry =cosry

2cos’ 7y —1=cosrzy
2cos’ 7y —coszy—1=0
(2cosry+1)(coszy—1)=0

1

cosry = ~3 or coszy=1
Ty = 2z or zy=0

3

2 :

y= 3 or y=0 (Rejected)

2
Lr==

3
The area of the region

= [2(a(y) - f(y)dy

2
= E (cos ry —cos 27y)dy

oy
=|—sinzry——sin2xy
2 0

T T

—[lsin 7(0) —isin 27r(0)j
T 272'

8 a01)-

“2r 4n

23, V3

dr  Arx

3B

A

SE Production Limited

M1
Al

Al
Al

Al

AG

Al

Al

M1

Al

M1

AG

[10]

24



(b)

(©)

acosZﬁ(%ng
B

1

~a

2 2
a=4/3

f(x)=9(x)

..acos2ry =cosxy
a(2cos® ry —1) =cos ry
2acos’ 7y —a=Ccosry

2acos’ ry—coszry—a=0

~(-1) +4/(-1)? - 4(2a)(-a)

coszy =

2(2a)
1++/1+8a*
cosrgy=—"——
4a
2
cos ry = T VL+8a Vi+8a®
4a
’ 2
coszy = 1-vi+8a” (Rejected)
4a
2
4a
2
T 4a

SE Production Limited

(M1) for substitution

Al

Al
[3]

M1
Al

Al

M1Al

Al

M1

AG

[7]

25



1 (a)
(b)
2. @
(b)

g(x) =In(x=7)*
g(x) =3In(x-7)
g(x)=3f(x-7)
S p=7,09=3

The volume generated
10
= [, 7(g(x))*dx

= [ 2(in(x~7)*)dx

=16.19380939
=16.2

g(x)=2"

1
g(x)=8% —5+5

g(x) = f(%x)+5

1
. p==.q=5
p 3 q

The volume generated
= [ #(g(x))dx
= jo”z(?)de

=174.2244533
=174

SE Production Limited

(M1) for valid approach
(M1) for valid approach
A2

[4]
(A1) for correct approach
Al

[2]
(M1) for valid approach
(M1) for valid approach
A2

[4]
(A1) for correct approach
Al

[2]
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y =secz(0)
y=1
y =Sec X
1
 COS7X

1
COSTX =—
y

1
7TX = arccos —
y

1 1
X =—arccos —
4 y

The volume generated

2
= j [ arccos — de
=0.5007292734
=0.501

When x=0,
y =e*©
y=1
y:e4x
Iny=4x
x=£|ny

4

The volume generated

ffon]

=0.1410343072
=0.141

SE Production Limited

(A1) for correct value

(M1) for valid approach

(M1) for valid approach

Al

(Al) for correct approach

Al
[6]

(A1) for correct value

(M1) for valid approach

Al

(A1) for correct approach

Al
[5]

27



1.

0=e-1

1=e*

2x=0

x=0

x+y—-e*-2=0

y=—x+e"+2

e —1=—x+e°+2

e —1=e°—(x-2)

2X=6

X=3

x+0-e*-2=0

x=e°+2

The area of R

:r(ezx —1)dx+fee+2 (—x+e° +2)dx
0 3

=81172.68131
=381200

SE Production Limited

(A1) for correct value

(A1) for correct approach
(M1) for setting equation

(A1) for correct value

(A1) for correct value

Al

Al

[7]
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0=2Inx
Inx=0
x=1
Ax+e’y—8e* =0
e’y =8e” —4x

4
y:8—e—2X

2Inx=8—i2x
e

2Inx+i2x—8:0
e

By considering the graph of y=2Inx +i2 X—8,
e

X =7.3890561.
4x+¢e°(0)—8e* =0

4x = 8e?

X = 2¢?

The volume of the solid

I7.3890561
A

7.3890561

=284.3793169
=284

2 2
7(2In x)zdx+Ize 72'(8—i2Xj dx
e

SE Production Limited

(A1) for correct value

(A1) for correct approach

(M1) for setting equation

(A1) for correct value

(A1) for correct value

Al

Al
[7]
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y=5"

logs y =—x

x=-log, y (Al) for correct approach
y=5"

y=1 (A1) for correct value

y =25X+75

y—75=25x

X= Zis y-3 (A1) for correct approach
—log; y=2i5y—3 (M1) for setting equation

1
—y-3+log, y=0
o5 ) Js Y

By considering the graph of x = % y—3+log.y,

y=25. (A1) for correct value
y =25(0)+75
y=75 (A) for correct value
The area of R
25 s 1
=~ (~log, y)ydy-[ (g y—sjdy Al
=85.08796157
=851 Al

[8]

SE Production Limited



1
=—x+1
y 2

2y =X+2

X=2y—-2 (A1) for correct approach
1

y= 5 (0)+1

y=1 (A1) for correct value

y=(x—4)*+3

y—3=(x—4)°

X—4=,/y-3 or x—4=—J]y-3

X=4+ \/yTS (Rejected) or x=4- \/yTS (A1) for correct approach

2y—2=4—\/yT3 (M1) for setting equation

2y-6=—y-3

(2y-6)°*=y-3

4y* —24y+36=y-3

4y* —25y+39=0 (AL) for correct approach

(y-3)(4y-13)=0

y=3o0ry= % (Rejected) (A1) for correct value

y=(0-4)+3

y=19 (A1) for correct value

The volume of the solid

= [(72y-27dy+ [ (4-\Jy—3)*dy Al

=167.551608

=168 Al

[9]

SE Production Limited 31



(b)

(©)

(d)

(€)

The initial velocity
=v(0)
=(12-1.5(0))°
=1728 ms™

v(t) =3.375
(12-1.5t)° =3.375
12-15t=15

-1.5t=-10.5
t=7

The total distance travelled
11
= [ v)|dt
11
= L |(12-1.5t)° dt
=69.1875m

at) =v'(t)
a(t) =3(12-1.5t)°(-1.5)
a(t) = —4.5(12 —1.5t)>

v(t) <a(t)

(12-1.5t)° < —4.5(12—1.5t)?

(12-1.5t)° +4.5(12-1.5t)> <0

By considering the graph of
y=(12-15t)°+4.5(12-1.5t)%, 11<t<16.

SE Production Limited

(M1) for valid approach

Al

[2]
(M1) for setting equation

(A1) for correct approach

Al
[3]

(M1) for valid approach

(Al) for substitution

Al

[3]
M1

A2
AG
[3]

(M1) for setting inequality

Al
[2]
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()

a(t) = —4.5(12—1.5t)>

dv

dv ds

~— =-4.5(12-1.5t)?
ot ( )

—.— =-45(12-1.5t)°

ds dt
y

(12 -1.5t)°
& ( )

dv_ 4.5(12-15t)°
ds (12-1.5t)°

dvv. 45

—=- s
ds 12-1.5t

—4.5(12 —1.5t)?

-1

SE Production Limited

Al

M1

Al

AG
[3]

33



(a)

(b)

(©

v(t) = 0.01
—1+1In|2+cost|=0.01
In|2+cost|=1.01

2+cost =e"™

cost=e"% -2
t =0.7293600469
t=0.729

[v(t)] <0.05
|[~1+1n|2+cost| < 0.05

|[~1+1n|2+cost|-0.05<0

By considering the graph of
y =|~1+In|2+cost|-0.05,

0.540112 <t <0.945041.
..0.540 <1 <0.945

The total distance travelled
1
= [ [vldt

1
:j ‘—1+ In|2+cost”dt
0

=0.0580494843 m
=0.0580 m

SE Production Limited

(M1) for setting equation

(A1) for correct approach

Al
[3]

(M1) for setting inequality

(M1) for valid approach
Al

[3]

(M1) for valid approach

(A1) for substitution

Al
[3]
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(d)

(€)

a(t) =Vv'(t)

a(t)=0+
® (2+cost

sint
2+cost
v(t)=0

—1+In|2+cost|=0

](—sint)

a(t)=-

By considering the graph of y =-1+In|2+cost]|,

t =0.7694667 .

The required acceleration

=a(0.7694667)
sin0.7694667

 2+050.7694667
— _0.2559529603

=—-0.256 ms >

1
v(t)-a(t) <

(—1+In|2+cost])| — sint j<E
2+cost) 2
(—1+In|2+cost))| - sint j—£<0
2+cost) 2
(—1+In|2+cost|) sint_ 1,100
2+cost) 2
By considering the graph of
sint 1
=(-1+In|2+cost +=,
y=( | |)(2+costj 2
t>0.9118124.
~.0912<t<1

SE Production Limited

(M1) for valid approach

(A1) for chain rule

Al

(A1) for correct value

(M1) for substitution

Al

[6]
(M1) for setting inequality
(M1) for valid approach
Al

[3]
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(a)

When 0<t <1,

s(t) :J.—%tdt

1.
s(t)_—z—ot +C
s(0)=1
ol e
..—2—0(0) +C=1
Cc=1
s(l):—i(1)2+1

20

19
s() =—
@ 20
When 1<t <3,
1., 1
s(t)=|| —t°—=t |dt
=[5 5!

s(t) e teip
30 10

19
s() =—
@ 20

19

1 1
—M0)-=@0°+D
30() 10() 20

_61
60

5(3) = 3—10<3)3 —% (32 +

61
s(3)=—
©) &0

D

61
60

ss(t) ==t ——t2+—o 1<t<3

SE Production Limited

(M1) for valid approach

(A1) for correct value

(A1) for correct value

(M1) for valid approach

(A1) for correct value

(A1) for correct value

Al

[7]
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(b)

(©)

s(t)=1
Atp le, 0y
30 10 60
L le,l g
30 10 60
. 1 1
By considering the graph of y=—t3——t
y g grap y 30 10
t =2.9422419.
St=0o0rt=294
1
-—@1 0<t<1
10()
a(t) = i(2'[)—1(1) 1<t<3
10 5 B
0 otherwise
L o<«
10
a(t) = 1ol gcies
5 5
0 otherwise
3
a(t) < —
(t) 10
1. 1 3
_t__<_
5 5 10
1t<1
5 2
t<E
2
0<t<—

SE Production Limited

(M1) for setting equation
1

60
(M1) for valid approach
Al

[3]

(M1) for valid approach

(A1) for correct values

(M1) for setting inequality

Al

[4]
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(d)

VERERCIES

10 5
10v=t*>—-2t
10v+1=t2-2t+1

10v+1= (t—1)?

t—1=+10v+1

t:1+\f10v+1

dt 1

—=0+4| ——— (10

dv (2\/10v+1j( )
dt 5

So—= for 1<t <3.
dv  10v+1

SE Production Limited

Al

Al

M1A1l

AG

[4]
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(@)

(b)

v(t) = [a(t)dt
v(t) = j 38In3x 33 gt

3—0.38’(
v(t)=38In3| — [+C
—-0.38In3

v(t) =-100x 3% +C

0=-100x37°%®" +C
0=-100+C
C=100

s(t) = j v(t)dt
s(t) = j (—100x 37°% +-100)dt

370.38t
s(t) =—-100] ———— |+100t + D
—0.38In3
s(t) = 5000 3%% 1100t +D
19In3
2000 _ 5000 50300, 100(0) + D
19In3 19In3
5000 5000
= +D
19In3 19In3
D=0
L s(t) = 5000 3703 1100t
19In3
(1) = 5000 (30_3& ,19In3 tj
19In3 50
5000
s(t) = ——— (3% +(0.38In3)t
(t) 1913 ( ( )t)
s'(t)=a(t)
v(t) =a(t)

~100x 3% +100=38In3x 3>
(38In3+100)x3°%® —100=0
By considering the graph of

y = (38In3+100)x3°%® 100, t =0.8356846.

-.1=0.836

SE Production Limited

M1

Al

Al
M1

M1

Al

Al

M1

Al

AG
[°]

(M1) for setting equation

(M1) for valid approach
Al
[3]
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(©)

(d)

The total distance travelled
10
= |, v|dt

_ ISO\—100><3-°-38‘ +100|dt

=384.1164218 m
=384m

v=-100x37%¥"1+100
v =100(1—3°%")
0.0y =130

3%%¥ =1-0.0v
av =38In3x 3%
dt

% =38In3(1—0.01v)

&V _3ging( 100V
dt 100

_dt 50
“dv 19In3(100-V)

SE Production Limited

(M1) for valid approach

(A1) for substitution

Al
[3]

Al
Al

M1

AG

[3]
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Chapter 14 Solution

oo
L mw(oj

Ilrrg—:ll N 1 A
o0 In(x+1) x> (J(l) 0

X+1

. T
SIn—X

. T T
im =lim=—(x+1)cos—x
x>0 In(x+1) x>04 4

sin 7 x - ju
lim =—(0+1)cos—(0)
x-0In(x+1) 4 4
. T
sin = x
. T
lim =—
-0 In(x+1) 4
. 3F-1 .. 3FIn3-0 0
2. lim— =lim =
x>08in2x x>0 (cos2x)(2)\ 0
. 3F-1 .. 3In3
lim— =lim
x>0 8iN2X x>0 2C0S 2X
. 3¥-1  3In3
im— =
x>08in2x  2cos2(0)
. 3-1 1In3
lim =—

x=0 §jn 2X 2

SE Production Limited

M1A2

M1

Al

[5]

M1A2

M1

Al
[5]



. ? . 2x 0
lIim———— =lim—— - —
0 cos2x—cosx 0 (—sin2x)(2)—(—sinx)\ 0

) x* . 2x
lim——=1lim - -
x>0 cos2x—cosx 0 -28in2x+SIinx

2

lim . lim 2(1) ( 9)
0 cos2x—cosx >0 —-2(cos2x)(2)+cosx\ O

) x* ) 2
lim——— =1lim
x>0 cos2x—cosx 0 —4cos2x+cosx

} x* 2
lim =
>0 cos2x—cosx —4cos2(0)+cos0

) x° 2
lim =
=0 cos2x—cosx —4+1

) x’ 2
lim———=-——
x>0 cOS2X —COS X 3

) 1-secx
lim —
x-0gin2x+cos2x—1-2x
— lim 0—secx tan x ( gj

0 (cos 2x)(2) + (—sin 2x)(2)—0-2() " 0
. —secxtan x

=lim

x>0 2cos2x—2sin2x—2
_ fiyy (T S€C X tan x)(tan x) + (= sec x)(sec’ x) ( 0 j
=0 2(—sin2x)(2)—2(cos 2x)(2) -0 )

—secxtan® x—sec’ x

=lim -
x>0 —4smn2x—4cos2x

_ —secOtan’ 0—sec’ 0
—4sin 2(0)—4cos 2(0)
0-1

N o‘
|

SE Production Limited

MI1A2

A2

Ml

Al

[7]

MI1A2

A2

Ml

Al



1. f(0)=e’@tan0=0
f'(x) = 2e”* tan x +e”* sec” x
f'(x) =e** (2tan X +sec’ x)
f'(0) =e??(2tan 0+sec® 0) =1
f"(x) = 2e** (2 tan x +sec” X)

+e”(2sec’ x + 2sec x(sec x tan X))

f"(x) =e”*(4tan x + 4sec” x + 2sec’ x tan x)
f"(0) =e*® (4tan 0+ 4sec? 0+2sec’ Otan 0) = 4

2

f(x)= f(0)+xf’(0)+% f7(0)+---

2

f(x):0+x(1)+X?(4)+---

f(X)=Xx+2X"+---

SE Production Limited

(A1) for correct value

(A1) for correct value

(M1) for valid approach

(A1) for correct value

M1

Al
[6]



N

f(0)=(1+0)? =1

f1@=§ﬂ+@7®

fx@=§a+@i

2, 1 2
f'(0)=2@1+0) 2 ==
0)=30+0 7 =3

PP IRAPIN
f'(x) = 3[ 3j(1+x) @

f"(x)=—§(1+x)’31

2 22
f"(0)=-=(1+0) 3=-=
0) 9( ) 3

(3 __Z _ﬂ %
000 = 9[ 3j(1+x) @

8 1
fO(x)= E(1+ X) 3

8 g
ﬂ%m=57a+m3=5;

f(X)—f(O)+xf(O)+ f"(0)+ f(3)(0)+...

f(x)=1+ x(gj+x—2(—gj+x—3(£j+
3) 20 9) 6\27
1 4

SE Production Limited

(A1) for correct value

(A1) for correct value

(A1) for correct value

(A1) for correct value

M1

Al

[6]



2

f(0) =3(0)° — 7°(0) + % — zarccos 7(0) =0

f'(x)—6xz2+oz(LJ
1—(7x)?

2

f/(X) = 6X— 72+t
\/1—7[2X2
2
f'(0)=6(0)— 7%+ L =0
1-7%(0)*

2 3
f"(x) = 6—0—%(1—;:2%) 2(=27°X)
_3
f"(X) =6+ 7*x(1—7°X%) 2
_3
f"(0)=6+7"(0)(1-~%0%) 2 =6
The first non-zero term

X2
=5;©

=3x°

f(0)=0+cos0-1=0

£7(x) = 3x% — (5in())(3x2) — 0

f’(x) = 3x* —3x*sin(x*)

£'(0) = 3(0)% —3(0)?sin0 =0

f”(x) = 6x— ((6x)(sin(x®)) +3x*(cos(x*))(3x?))
f"(x) =6x—6xsin(x*) —9x* cos(x*)

f”(0) =6(0)—6(0)sin0—-9(0)* cos0=0

£ O (x) = 6 ((6)(SIN(X®)) + 6x(cos(x*))(3x2))
—((36x%)(cos(x®)) +9x* (—sin(x*))(3x%))

f @ (x) =6+ (27x° —6)sin(x®) —54x> cos(x%)

f ®(0) =6+ (27(0)° —6)sin0—54(0)* cos0 =6
The first non-zero term

X3
-2,

=)(3

SE Production Limited

(A1) for correct approach

(M1) for valid approach

(A1) for correct approach

(M1) for valid approach

(A1) for correct value

M1

Al
[7]

(A1) for correct approach
(M1) for valid approach

(A1) for correct approach

(A1) for correct approach

(A1) for correct value

M1

Al
[7]



1.

@ fO)=e"=1
f'(x) =3e>
f'(0) =3e** =3
f"(x) =3(3*)
f"(x) =9e™
f"(0)=9*% =9
f @ (x) =9(3e*)
f @ (x) =27
f©(0) =27*” =27

, Xt ., X s
f(x)=f(0)+xf (0)+§f (0)+§f()(0)+...

X2 X3
f(x)=1+x(3)+?(9)+g(27)+...

f(x)=1+3x+gx2+gx3+...
2 2

(b) 3x=0.03
x=0.01

- €% ~1+3(0.01) +%(0.01)2 +%(o.01)3

e®® ~1.0304545

SE Production Limited

(A1) for correct value

(A1) for correct value

(A1) for correct value

(A1) for correct value

M1
Al
[6]
(A1) for correct value
M1
Al
[3]



@) f(0)=Intan (O+%j =0 (A1) for correct value

f'(x) = 1 [sec2 (x + ZD
tan(x+Z) 4

()= :
. T T
sin| X+~ [cos| X+ =
)
f’(x)z;
sin 2x+ﬂj
2
f'(0) = 2z =2 (A1) for correct value
sin 2(0)+”j
2
f"(x)=2(-1) 1 (cos(2x+£D(Z) (M1) for valid approach
sin2(2x+”j 2
2
4003(2x+72[j
f'"(X)=————
sin2(2x+”)
2
4cos(2(0)+7;j
f"(0)=- =0 (A1) for correct value
sin2(2(0)+72[)

f(x)= f(O)+xf'(0)+);—2| f7(0) +---

2

f(x):0+x(2)+x?(0)+--- M1

f(x)=2x+--- Al
[6]

SE Production Limited



(b)

In tan

7~ N\

T T T
1 4) (12j

~
~

Intan

|n\/_zz

6
T
4|n\/§z4(gj
27
In(\/3)* ~ :

|n9z2—ﬂ-
3

wy
oy

SE Production Limited

M1

Al

Al

[3]



(@)

(b)

f@):%ma+oﬁzo

1 1
f'(xX)==
9 5(1+x2

oy 2X
= 5(1+ x%)
L 20)
f(®_5a+m)_
o 2[ A0 - 920
5 L+ x?)?
_2(1-x?)
- 5(1+x?)?
_20-0) 2
- 51+0%)? 5
X2

f(x)= f(0)+xf’(0)+§ £7(0) +---

j(ZX)

£7(x)

f"(0)

x* (2
f(x)=0+x(0)+?(gj+---

1
f(X)==x"+---
(X) c

f(x)==x?

gl

fK@z%Q@

2
f'(x)==x
(x) c

;Vm@zémn

£(0.1) ~ 0.04

SE Production Limited

(A1) for correct value

(A1) for correct value

(M1) for valid approach

(A1) for correct value

M1
Al

[6]
M1
Al
Al

[3]



(@)

(b)

f(0) = cot(%(0+1)j -0

T

’ _ 2 z
f’(x) =—cosec (2(x+1)j 5

f'(x) = —%cosec2 (% (x +1)j

£'(0) = —Z cosec?| Z (0 1j=_f
©=-7 (2(+) :

f"(x) = —%(ZCosec(%(X +1)D

T T T
{—cosec (E (x +1)j cot (E (x +1)D S

f"(x) = %Zcosecz (% (x +1)j00t(% (x +1)j

2

f"(0) = % cosec® [% (0 +1)]cot[% ( +1)j =0

X2

f(x)= f(0)+xf’(0)+§ £7(0)+---

) X
f(x):0+x(—EJ+?(O)+---

T
f(X)=—=X+---
)==7

15 15 g
L f (t)dt ~ L -t
[ f (tydt ~ ~0.9817477042

15
L f (t)dt ~—0.982

SE Production Limited

(A1) for correct value

(A1) for correct value

(M1) for valid approach

(A1) for correct value

M1
Al

[6]
M1
Al

[2]

10



(a)

(b)

|

(i) /() =(2""In2)(sec’ x)
f I(X) — In 2 2tanx 5602 X
2tanx In 2 5602 X
f"(x)=In2 ( )(sec” x)
+(2")(2sec x)(sec x tan X)
f”(x) =In2-2""sec® x(In 2+ 2tan x)
2
(”) f (X) = f (O) + Xf (0) + f ”(0) +.
f (X) — 2tan0 + X(ln 2. 2tan0 SEC 0)
2
+X?(In2~2“”‘°sec2 0(In2+2tan0)) +---
XZ
f()=1+x(n2)+7-(In2:(In2+0)) +--
£ =14 (in2)x+ M2
2
e =1+2x+ (2x|) T
e¥ =14 2X+2X2 +---
In(L+7e* +12e*)
= In(1+3e**)(L+4e™)
= In(1+3e™) + In(1+ 4e*)
2x)2 2x\2
g BN e )
2 2
2x\2
_7e2x 25(e )
2
2 2
=7+ 2X+2X" +-+) — 25(1+2X+22X +-1) N
2
— 714X +14X - 25(1+4X;8X ),
, 25 ,
=7+14x+14x —7—50x—100x +---
= —%—36X 86x° +-

SE Production Limited

(M1) for valid approach
Al

(M1) for valid approach

Al

M2

Al

Al

[8]
(M1) for substitution

(A1) for correct values

(M1) for valid approach
(A1) for correct approach

(M1) for valid approach

(A1) for simplification

(A1) for substitution

(A1) for correct approach

Al
[9]

11



In(L+7e** +12e*)

C lim
() x—0 f(x)
1 a6x—86x 4.
= lim—2 o Al
1+(In2)x+(n ) x4
—E—O—O-l-"'
=2 M1
1+0+0+---
_ U Al
2

SE Production Limited

[3]

12



(a)

(b)

(©)

3 5
(i) arctan x = X ——+ 2 4.
3 5
3 5
i(arctanx):i wo XX
dx dx 3 5
1 1 1
=1-=(3x")+=(5x") +--
1+ x? 3( ) 5( )
1 2 4
1+X2:1—x +X 4
( ) g( ) 1+(X1.5)2

g(x):1_(Xl.5)2+(xl.5)4+_“

g(x)=1-x>+x%+---

9(0.1)=1-0.2+0.1° +---
g(0.1)>1-0.1°
g(0.1) > 0.999

g(0.1) <1-0.1* +0.1°
g(0.1) < 0.999001
-.0.999 < g(0.1) < 0.999001

0.999 < % <0.999001
1+0.1

1

0.999 < <0.999001
1.001

. g(x)-1
x—0 ex3 _1

SE Production Limited

(M1) for valid approach

(A2) for correct approach

Al

(A1) for substitution
Al
[6]
M1
Al
Al

M1

AG
[4]

M1Al

M1

M1Al

M1

AG
[6]

13



(a)

. X
SINX=X——+---
3!

(2x)°

SIN2X =2X ——"—+---
3!

sin2x=2x_fx3+...

2 4

X
coOSX=1-—+—+---
2! 41

cos2x=1-
21 41

COSZX:1—2x2+§X4+...

sin® 4x = (2sin 2xcos 2x)*

2
sin24x:[2[2x—%x3 +-~~j[1—2x2 +§x4+---n

2
sin®4x=4 2X_4X3_%X3+”'j

sin®4x =4 2x—?x3+---

sin® 4x = 4| 4x? —6_;x4+..)

sin?4x =16x% —

SE Production Limited

%4_@_’_...

;

@XA—F"'

M1

Al

M1

Al

Al

M1

Al

AG

[7]

14



(b)

sin? 4(1j >16(£j2 —@(ﬁT
16 16 3 \16

2 4
2T T T

sin=—>"——-"—
4 16 768

2 4
., 48r° &

> .
4 768 768
2 2
sin2 % 5 7 (48-77)
768

SE Production Limited

M1Al

Al

Al

M1A1l

Al

Al

M1

[9]

15



(a)

(b)

Q) f’(x) =secxtan x

f”(x) = (sec x tan x)(tan x) + (sec x)(sec” x)

f”(x) =sec xtan® x +sec® x
f"(x) =sec x(sec® x —1) +sec® x
f”(x) =sec® x —sec x +sec® x
f"(x) = 2sec’® x —sec x

f @ (x) = 2(3)(sec? x)(sec x tan x)
—secxtan x

f @ (x) = sec x tan x(6sec® x—1)

f(x) = f(0)+xf'(0)
(1) +;—2!f”(0)+);—::f‘3)(0)+---
f (x) =sec0+ x(sec0tan 0)

X2
= (2sec® 0—sec0)

3
+%(Sec0tan 0(6sec’0—1)) +---
NG X3
f(x) :1+X(O)+?(1)+E(O)+'”
f(X)—l+£X2+...
2
3

. X
SINX=X——=+---
3!

tan x =sin xsec X

3
fan x = x—X—+-.. (1+1X2+...j
6 2

X = X+ 23— S e
2 6

tanx:x+%x3+---

SE Production Limited

Al
(M1) for valid approach

Al

(M1) for valid approach

Al

M2

Al

Al
[9]

(A1) for correct approach
M1A1l
(M1) for valid approach

Al

[5]

16



(©)

The approximate value of the area

1
= J'Olsytan ydy
1 1 3
= O.Sy(wgy jdy

2.1
~ Ols(y 3y jdy

~ 0.35625

SE Production Limited

(M1) for valid approach

(A1) for substitution

(M1) for valid approach

Al
[4]

17



Chapter 15 Solution

1. @

(b)

ax = %xsin zt
dt

1 )
Zdx = 7% sin tdt
X

I%dx = Iﬂ'z sin ztdt

Let u=rt.
du

— =gz =du=zdt
dt

.-.J‘ldx=.[7rsinudu
X

In|X| =-cosu+C

In|X| =-mcosxt+C

—mcosat+C

=€

—mcosz(0.5)+C

=X

=e
eC
=0

X=e

O

—mcosxt

g <x<e”

SE Production Limited

(M1) for valid approach

(AL) for correct approach

(M1) for substitution

(A1) for correct working

Al
(M1) for substitution

(A1) for correct value
Al

8]
A2

[2]



y_B
dx y®
y*dy = Bdx
Iyzdyszdx
1 s
—y*=Bx+C
3y

y* =3Bx+C
1

y =(3Bx+C)3

1
3=(3B(4)+C)?
27=12B+C
C=27-12B

1
9=(3B(121) +C)?
. 729=363B+27-12B
702 =351B
B=2
C=27-12(2)
Cc=3

Ly= (3(2) (%1) + 3}3

1
y =125°%
y=>5

SE Production Limited

(M1) for valid approach
(A1) for correct approach

Al

Al

(M1) for substitution

(M1) for substitution

(A1) for correct value

Al
[8]



dy 3 ain2
—Z =—y’sin“ x
dx y

—%dy =sin’ xdx
y
I—%dy = J'sin2 xdx
1 1-cos2x
J- Loy [,

I_idy = %j(l—cos 2x)dx

y3

%zl(x—lsin 2xj+C
2y- 2 2
izz x—lsin 2x+C
y 2
1
y

\/x—lsin2x+C
2

1

N

\/o—;sin 2(0)+C

1
2=—x
Jc
-2
2
c=1
4
Ly= 1
h \/1. 1
X——=SIN2X+ =
2 4
1

y= 1
\/4 (4x—2sin2x+1)

2
 Jax—2sin2x+1

y

SE Production Limited

(M1) for valid approach

(A1) for correct approach

(A1) for correct approach

Al

Al

(M1) for substitution

(A1) for correct value

Al

8]



&_ oy
dx (2x+3)Iny
Inydy: 1

y 2X+3

y 2X+3
Letu=Iny.
d—u=1:>du =£dy
dy 'y y

1
.'.IUdUzsz+3dx

dx

1u2=1In|2x+3|+C
2 2

(Iny)* =In|2x+3/+C
Iny=/In|2x+3/+C
y = gVmexse

eiins _ o\In20+3+C
o5 _ gi5iC

JIn5=In5+C
C=0
.'.y:e\/m

SE Production Limited

(M1) for valid approach

(A1) for correct approach

(M1) for substitution

(A1) for correct working

(M1) for valid approach

Al
(M1) for substitution

(A1) for correct value
Al

[9]



Wy 1

dx x X
dy 1 1
dx xy_x6

The integrating factor

Lax
X

=e (M1) for valid approach
— e—lnx
_ Inx7t
_1 Al

X

ldy 11 = l.ie (M1) for valid approach

xdx X X X X
loy 1.1
xdx x° S~
i(lj _ i7 (A1) for correct approach
dx\x/) x
y 1
==|—=dx
X I x'
Y —i6+C
X 6X
y=——1 4Cx Al

6x°
n__1 -+C(1) (M1) for substitution
6 6(2)
C=2 (A1) for correct value
1

SLYy=———+2X Al

y 6x°

[8]

SE Production Limited



The integrating factor

L
=g’ X

—Inx

=e

Uxdx x X7 X
ldy 1. .

xdx X2

_1

In2
.-.y:ixzx+ix
In2 In2

1
=—x(2"+1
y In2( )

SE Production Limited

(A1) for correct approach

(M1) for valid approach

Al

(M1) for valid approach

(A1) for correct approach

Al
(M1) for substitution

(A1) for correct value

Al
[°]



OI—y:cos3 X—2ytan x
dx

ﬂ+(2tan X)y = cos® x

dx

Let u=cosx.

du . .

— =—sinx = (=1) -du =sin xdx
dx

The integrating factor
_[Ztan xdx
=e

jzgnx
dx
= @’ cosx
24
=e u
_ e—2|nu

~ cos? x

1 dy
o —+ 2tan x)y =
cos®x dx cos’® x ( )Y cos? x
1 dy 2sinx
7o+ 3
cos“ x dx cos® X

o)
— >— | =COsX
dx\ cos® x

y

-€0s°> X

-y =COS X

5 :Icosxdx
COS~ X

y2 =sinx+C
COS” X

y = cos® x(sinx+C)
3=co0s*0(sin0+C)
3=0+C

C=3

.y =C0s® X(sin x+3)

SE Production Limited

(M1) for substitution

(M1) for valid approach

Al

(M1) for valid approach

(A1) for correct approach

Al
(M1) for substitution

(A1) for correct value
Al

[9]



sin xd—y+cos2 X =1-yCoS X
dx

sin 3 yCos X =1-cos” X
dx

. dy 2
S|nxd—+ycosx_sm X
X

d—y+(cotx)y=sinx
dx
Let u=sinx.

du
d—:cosx:>du = C0S xdx
X

The integrating factor
jcotxdx
=e

COsS X
J‘.idx
sInX

=e

=sin X
. ody . . .
~.sin xd—+S|n X-(cot X)y =sin x-sin x
X

sin xﬂ+ (cosx)y =sin®x
dx

i(ysin X) =sin® x
dx
ysinx = J‘sin2 xdx

. 1
sinx = | = (1—cos 2x)dx
ysinx=[=( )
) 1 1
sinx=|| =—=cos2x |dx
y J(z 2 j

ysinx:lx—lsin2x+C
2 4

2x—sin2x+C
—
_ 2x-sin2x+C

B 4sin x

o5 )-sme(5 )

. T
4sin —

ysinx =

T =

SE Production Limited

Al

Al
M1

M1

Al
M1

Al

Al

Al

M1



_r+C

T
4
4r=7+C
C=3r
_ 2X—sin2x+3rx

4sin x

SE Production Limited

AG

[10]



Xoy =X, +0.1

yn+l = yn +013_y

Xl (%0 v0)

X, =4,Y,=10
X, =4+0.1=4.1

y, =10+ 0.1(%) =10.57142857

X, =41+0.1=4.2

J, —10.57142857 40 1( (4.1)(10.57142857))
, =10. .

4.1 -9
y, =11.12639473
X, =42+01=43

y, =11.12639473+0.1 (4.2)(11.12639473)
C ' 4.2° -9

y, =11.66726114
Thus, the required approximation is 11.7.

X, =X, +0.2
Yo = Yn +O.2ﬂ

(s ¥n)
X =0, Y, =2
X, =0+0.2=0.2
y, =2+0.2(e° +4(2)) =3.8
X,=0.2+02=04
y, =3.8+0.2(e* +4(3.8)) = 7.084280552
X, =04+0.2=0.6
y, = 7.084280552 +0.2(e** + 4(7.084280552))
y, =13.05006993
X,=0.6+0.2=0.8
y, =13.05006993+0.2(e*° + 4(13.05006993))

y, = 23.85454964
Thus, the required approximation is 23.9.

SE Production Limited

(M1) for valid approach

(A1) for correct values

Al

Al

Al
Al
[6]

(M1) for valid approach

(A1) for correct values

Al

Al

Al

Al
Al
[7]

10



(Xn’yn)
X =1 Yo = 2
X, =1+0.25=1.25

2 1
y, = 2+O.25(I+1—3j =2.75

X, =1.25+0.25=1.5

Y, :2.75+0.25(&+ L 3j:3.428
1.25 1.25
X, =1.54+0.25=1.75

3428 1

Y, =3.428+0.25] ———+ _3j =4.073407407
15 15

X, =1.75+0.25=2

y, =4.073407407 + 0.25(4'073407407 L j

+
1.75 1.75°
y, =4.701969982
Thus, the required approximation is 4.70.

SE Production Limited

(M1) for valid approach

(A1) for correct values

Al

Al

Al

Al
Al

[7]

11



X =3, Yo =3
X, =3+0.2=3.2

y, =3+0.2((3)(3)-3)=4.2

X,=3.2+0.2=3.4

Y, =4.2+0.2((3.2)(4.2) -3.2) =6.248

X, =34+0.2=36

Yy, =6.248+0.2((3.4)(6.248) —3.4) =9.81664
X,=3.6+0.2=3.8

y, =9.81664 +0.2((3.6)(9.81664) —3.6) =16.1646208
X, =3.8+02=4

ys =16.1646208 +0.2((3.8)(16.1646208) — 3.8)

ys = 27.68973261

Thus, the required approximation is 27.7.

SE Production Limited

(M1) for valid approach

(M1) for valid approach

(A1) for correct values

Al

Al

Al

Al

Al
Al

[9]

12



dy 2
——4y=e
dx y

X

dy 2X
—=4y+e
dx y

dy

2 =4(1)+e*” =5
dX|,_o

2
d—2/:4d—y+2e2X

dx dx

2
9V 4y e2e0 22
dx®|

dy x> d’y

=y0)+x— +——=

y=y() dx|,, 20dx*|

2

y:1+x(5)+X?(22)+---

Y =1+5X+11x% +---

a_ xy =In(x+1)
dx

ﬂzxy+ln(x+1)
dx
W 0)2)+In(0+1) =0
dx|,_,
d’y dy 1 dy 1
— = X2 —— =Y+ X ——
dx? Q)+ ax x+1 Y Ndx  x+d
d’y 1
— =-2+0)0)+—=-1
dx? o 0O 0+1
dy x? d’y

=y(0)+x— —_——

y=y(0) dx|,, 20dx*|

y=—2+x(0)+x?2(—1)+---

1
=2 =X e
y 2

SE Production Limited

(A1) for correct value

(A1) for correct approach

(A1) for correct value

M1

Al
[5]

(A1) for correct value

(A1) for correct approach

(A1) for correct value

M1

Al
[5]

13



e2X d_y_ X
dx

e'y=1

dy —X —2X
2 _ey=e
dx y

@y _ e'y+e ™

dx

dy o (e)+e

dX x=0
d’y

dx?
ay

x=0

d
y=y(0)+ x—dy
X

+

x=0
2

2(0)

x dy

21 dx?

=e+1

x=0

y:e+x(e+1)+X?(—1)+---

y:e+(e+1)x—%x

2

+ ...

—2 =(—e7)(y)+e B peor -y +e” P
dx dx

=—-e%e)+e’(e+1) -2 =1

SE Production Limited

(M1) for valid approach

(A1) for correct value

(A1) for correct approach

(A1) for correct value

M1

Al
[6]

14



e %—(3X2 +2x-1)e*y-e > =0
dy 2 —6X
——(3x"+2x-1)y—-e* =0

dx

ay _ (Bx* +2x-1)y+e*

dx

@l (3(0)* +2(0) -1)(2) +e @ = -1
dX x=0

2

dY _ 6x+2)(y) + (3% +2x—1)j—y—6e-ﬁx
X

[

2
9Y _ex+2)y+ 3+ 2x-) Y _6e™
dx dx
d2

ay
dx? o
d®y dy
—=(6 +(6X+2)—
—1=O)+6x+2)
2
wex+2 Y @29y ()
dx dx
d3y dy 2 dzy -6
— =6y +(12x+4) =L +(3x* +2x-1) —-+36e™>*
dx® y+( )dx ( )dx2
d’y
—21 =6(2)+(12(0) +4)(-1)
dx o
+(3(0)? +2(0) - 1)(-1) +36e°©
3
d_33’ _ 45
dx o
d x? d? x® d?
.\/=y(0)+><0|—y +——¥ ——Z
Xleo 2! dx o 3! dx o

X2 x®
y=2+x(—1)+7(—1)+€(45)+---

y:2—x—£x2+Ex3+---
2 2

SE Production Limited

(M1) for valid approach

(A1) for correct value

(A1) for correct approach

= (6(0) +2)(2) + (3(0)* + 2(0) —1)(-1) —6e°® =—1 (A1) for correct value

(AL) for correct approach

(A1) for correct value

M1

Al
[8]

15



1. @

(b)

v Ja—-V?
dt
1

Ja—V?

1
j 4_wdv:Im

dv=dt

dv:jdt

1
I ?22 _VZ
arcsinX =t+C
2
=sin(t+C)

v
2
v=2sin(t+C)
2=2sin(0+C)
1=sinC
sinC =sin =

2

c==
2

SV= 25in(t+£j
2

The total distance travelled

= J'F|v(t)|dt

27
= JT 2sin (t +Zj‘ dt
0 2
=2.267949192 m
=2.27m

SE Production Limited

(M1) for valid approach

(A1) for correct approach

Al

Al
(M1) for substitution

(A1) for correct value

Al
[7]
(M1) for valid approach
(A1) for substitution
Al
[3]

16



() s=jvdt

s=—2cos(t+£}—2
2

(d) s:—2cos(t+%j—2

s+2:—2cos[t+%j

SE Production Limited

(M1) for valid approach

Al

(M1) for substitution

(A1) for correct value

Al

[5]

Al

M1

Al

M1

Al

AG
[5]

17



(b)

_v+150
300
dv_ v+150
dt 300

1 1

v dt
v+150 300
j Ly j Lo
v+150 300

In|v+150| =%Ot+c

iI+C
V+150 = g0

iI+C
v=e¥ 150
1
c 3000
v=ge" -e30 150

©

1
0=ge%.e30 " _150

e“ =150
1

~.v=150e% _150

In(v+150) = S%Ot +1n150

IN(5+150) = —t + In150
300

In155-1In150 = i'[
300
|nﬂ = it
30 300
t=300In E S
30

SE Production Limited

(M1) for valid approach
(A1) for correct approach

Al

Al

(M1) for substitution
(A1) for correct value

Al
[7]

(M1) for setting equation

(A1) for correct approach

Al
[3]

18



(©)

(d)

dv_v+150
dt 300
dv ds v+150
ds dt 300
dv_ v+150
ds 300
300v dv=ds
v+150
I 300v
v+150
I 300(v+150-150)

v+150

150
j(soO—HlsO]dv:jds

150
v+150

dv=.|‘ds

dv:J.ds

dv

s=j 300

s:j 300- 20 gy
v+150

s =300v—150In |v+150| +D
0=300(0) ~150In(0+150) + D

D =150In150
..§=300v-150In(v+150) +150In150

s =300(5) —150In(5 +150) +150In150
s =1500-150(In155 — In150)

S :150(10— In Ej m
30

SE Production Limited

Al

Al

M1

Al

M1

AG

[5]

Al

(M1) for substitution
(A1) for correct value

(M1) for substitution

Al

[5]

19



(@)

(i)

(i)

Let

1 A
x(x+3)=;
are constants.
1 =A(X+3)+ Bx
X(x+3) x(x+3) Xx(x+3)
1 AX+3A+Bx
x(x+3)= X(x+3)
1=(A+B)x+3A
1=3A
A=l
3

0=1+B
3

X+3

B-_1
3

1 1 1

X(x+3) = 3x 3(x+3)

dv_ v(v+3)

dt 3

L oav=—Lat
v(v+3) 3

1 1
Iv(v+3) dv:j—gdt

11 1 1
..éj(;—m]dv—j—édt

I(%—Flg)dvﬂ'—dt

In|v|—|n|v+3|=—t+C

In =-t+C

V+3
v=(v+3)e "

V= Veft+C + 3eft+C

V— Ve—t+C — 3e—t+C
V(l— e7t+C) — 3e7t+C
3e—t+C

SE Production Limited

+i,where A and B

M1

Al

Al

Al

(M1) for valid approach

(A1) for correct approach

(M1) for substitution

Al

(A1) for correct approach

(M1) for valid approach

Al

20



(b)

3eO+C
= 1_ eO+C
1.5(1—€%) =3e°
1.5-1.5e% =3e°
1.5=4.5¢°

1.5

dv_ v(v+3)

dt 3
dv ds _ v(v+3)

ds dt 3
VQ__V(V+3)

ds 3

v+3

I—V—i?)dv= ds

s=-3Injv+3+D
—2In4.5=-3In(L.5+3)+D

—2In45=-3In45+D
D=In45
~.s==-3In(v+3)+In4.5

s=1In +In4.5

(v+3)°
9

s=1In 3
2(v+3)

SE Production Limited

(M1) for substitution

(A1) for correct value

Al

Al

Al

M1

Al

Al
M1

Al

Al

AG

[14]

8]

21



(i)

1
X* + 4x
are constants.
1 =A(X+4)+ Bx
X2 +4x  X(x+4) x(x+4)
1  Ax+4A+Bx
X +4x x(x+4)
1=(A+B)x+4A
1=4A
al
4

0:1+B
4

Let

X+4

B=—=
4

1 1 1

44X AX 4(x+4)

da_a’+4a
dt 4
21 dazldt
a‘+4a 4
1 1
da=|=dt
Ia2+4a J‘4

11 1), 1
..ZI(E—E:ZJda_IZdt

j[i-u—i—jda=jdt
a a+4
In|a|-Inja+4/=t+C

In =t+C

a+4

i — e'[+C
a+4
a=(a+4)e"°

a= a.e'E+C + 4et+C

a— aet+C — 4et+C

a(l_et+C) — 4et+C
4et+C

= 1_ et+C

a

SE Production Limited

Eé+i,where A and B
X

M1

Al

Al

Al

(M1) for valid approach
(A1) for correct approach

(M1) for substitution

Al

(A1) for correct approach

(M1) for valid approach

Al

22



(b)

4 4€°
e2-1 1-¢°
4 3 4
e2-1 e°-1
2=-C
C=-2
4e'?
:azl—éi
4e'?
azl_et—Z
y_ 4et—2
dt  1-e'?
4e'?
V= dt
Let u=1—e"?.
z—l: =—e"? = —1.du=e""dt
4
SV=|——du
=
v=—4Inu+D

v=—4In[l-€"?|+D
8-4In(l-e?)=—4Injl—¢*?/+ D
8—4In(l-e?)+4In(l-e?*)=D

D=8

v:—4ln‘1—e“2‘+8

-2<t-2<0

et<e <1

O<l-e"?<l-e?<1

In(l-e"?)<0 for 0<t<2
~.v=-4In[1-€"?|+8>0 for 0<t<2

Thus, the particle never stops in 0<t<?2.

SE Production Limited

(M1) for substitution

(A1) for correct value

Al

[14]

Al

M1

Al

Al
Al

M1

Al

M1

R1

AG
[9]

23



Chapter 16 Solution

1.

(a)

(b)

(©

(@)

(b)

(©)

(@)

(b)

The number of different words
=5l
=120

The number of different words
=21x4l
=48

The number of different words
=3 x4l

=72

The number of different arrangements
=21x7!

=10080

The number of different arrangements
=8!-10080

=30240

The number of different arrangements
=21x61x2
= 2880

The total number of possible ways
8!

8

=5040

The total number of possible ways
_ 2!x6!

-8

=180

SE Production Limited

(A1) for correct factorial
Al

(AZ2) for correct factorials
Al

(A2) for correct factorial
Al

(A2) for correct factorials
Al

(A1) for correct formula
Al

(A2) for correct factorials
Al

(A1) for correct factorial

Al

(AZ2) for correct factorials

Al

[2]

[3]

[3]

[3]

[2]

[3]

[2]

3]



(a)

(b)

The total number of possible ways
_ 10!

T 10x2

=181440

The number of possible ways
2!x9!
9x2

=141120

=181440-

SE Production Limited

(A2) for correct formula

Al

(A2) for correct formula

Al



1.

(a)

(b)

(©

(@)

(b)

(©)

The number of possible teams

(10
| 4
—210

The number of teams

It

The number of teams

(Mol GH

=155

The number of possible teams

(16
|6
— 8008

The number of teams

= 2646

The number of teams

(M

=4011

SE Production Limited

(M1) for valid approach

Al

M1

Al

M1

Al

(M1) for valid approach

Al

M1

Al

M1

Al

[2]

[2]

[2]

[2]

[2]

[2]



(a)

(b)

(@)

(b)

The number of queues
=5Ix71x2
=1209600

The number of possible selections

oHeHs

=112

SE Production Limited

M1A1
Al

3]
M1
Al

[2]
M1A1
(A) for simplification
A2

[5]
Al

[1]



Chapter 17 Solution

1. @ The required probability

2

6
1

HEENEHIE

4 16

==+ —+—

3

27 243

81 36 16

=——+—+
243 243 243
_133
243

(b) The required probability

2

6

GIEEHGE) ()

2
1+ﬂ+(£) +...
9 \9

SE Production Limited

M1A1
Al

[3]
M1A1
Al
Al

[4]



@ The required probability
() (1
)6

1616\ 1
() )E)
256
3125

(b) The required probability

(-t
{iE-

SE Production Limited

M1A1
Al
[3]
M1A1
Al
Al
[4]



(a)

(b)

The required probability

1

5

3

3

4

)

5

FelaEEIE)

The required probability

(3

1+ 16

25

16

1-—>

25

25

)

4

5

o

J

(1
5
16
25

EBYIes

SE Production Limited

M1Al

Al

M1Al

Al

[3]

[4]



(@)

(b)

The required probability

e

1,

9 ”‘1(3j__
16 16 4096

;

9\ 81
16) 256

9" (9
16 "(IE
Sn=1=2
n=3

1

4

15 G

243

)

M) @)

243
4096

SE Production Limited

M1Al

Al

Al
[4]

M1Al

(A1) for correct equation

Al
[4]



1.

@ The required probability

=( S0 j(11%)+[ 36 )(17%)
50+ 36 50+ 36
581

4300

(b) The required probability

( 50 j(ll@@)
1 50+36
- 581

4300
a5
581

@ Let p be the required probability.

11 3

11 eri—i p=0.121
40 40 40

1

= p=0.046
5 p
p=0.23

(b) The required probability

11
_@23@‘4J

1-0121
667
3516

SE Production Limited

M1Al

Al
[3]

M1A1l

Al
[3]

M1Al

Al
[3]

M1Al

Al
[3]



100p
(@) (1.5%) (W
0.015p+0.00985p =0.024353
0.02485p =0.024353
p=0.98

j +(1-1.5%) (L] — 0.024353
100

(b) The required probability
(1-1.5%) (()98)
B 100
0.024353
_197
497

The required probability

2
) (7)(0.465)
5 2
(7} (0.675) + (J (0.465)

6
287

SE Production Limited

M1A1
Al

[3]
M1A1
Al

[3]
M1A2
Al

[4]



1. @ The required probability

B ey w
145 )\ 35 145 )\ 60 145 5

_68 Al

145

[3]
(b) The required probability
(145—35—60)(3)
145 5
= 8 M1Al
145

_15 Al

34

[3]

2. (@) (2p)(45%) + (p)(15%) + (1—2p — p)(8%) =0.2015 M1A1l
09p+0.15p+0.08—0.24p =0.2015
0.81p=0.1215
p=0.15 Al
[3]

(b) The required probability
~ (1-0.3-0.15)(1-8%)
- 1-0.2015
1012
1597

M1Al

Al
[3]

SE Production Limited



4.

160-50

@ (moj(z )+ ( 160

j(q%) =0.105

(16())[120%}@138)(180] =0105

2l (0105
1600

q=8
(b) The required probability

110
o)

12% —8%)

(16 j(l 8% — 16%)+(120j(1 12% —8%)

4
63

The required probability

(7+11 2](0) (7 11+ 2)(0)

()@ (i

_r
31

0 2 00
-

SE Production Limited

M1A1
Al

[3]
M1A1
Al

[3]
M1A2
Al

[4]



1.

@ The required probability
7 10
o2
T 17
g

_ 63

4862
(b) The required probability

LPE)H)

@) The required probability
15 4
e
T (19
o
(b) The required probability
15) (4) (15) (4) (15) (4
MM
- 19
o

_419
969

SE Production Limited

M1A1l

Al

M1Al

Al

M1Al

Al

M1Al

Al

[3]

[3]

[3]

3]



@ The required probability
_ 8Ix6!
13!
2
429

(b) The required probability
~ °P, x8!
13
14
143

The required probability
51x5!
10

SE Production Limited

(A2) for correct factorials
Al

[3]
(A2) for correct factorials

Al

[3]

(A3) for correct factorials

Al

[4]

10



Chapter 18 Solution

1. @) P(X=1)+P(X=2)+P(X =5)+P(X =10)=1 (AL) for correct formula
(r+s)+(r—s)+0.15+0.05=1

2r=0.8

r=0.4 Al

E(X)=@(r +5s)+(2)(r—s)+(5)(0.15) + (10)(0.05)

. 2.35=0.4+5+2(0.4—5s)+0.75+0.5 (A1) for substitution

2.35=2.45-5

s=0.1 Al

[4]

(b) Q) -2.35 Al

(i) 4.9275 Al

[2]

2. @ P(X =10)+P(X =20)+P(X =t)+P(X =2t)=1 (A1) for correct formula
0.2+0.5+r+r?+0.06=1
r’+r—0.24=0
25r> +25r—6=0
(br+6)(5r-1) =0

r=-1.2 (Rejected) or r=0.2 Al
E(X) = (10)(0.2) +(20)(0.5) +tr + (2t)(r* +0.06)
5.24=2+10+0.2t+0.2t (A1) for substitution
12=0.4t
t=30 Al
[4]
(b)  4J184=q\/46 Al
_4igs
1w
q=4(2)
q=8 Al
[2]

SE Production Limited



@ P(X=-2)+P(X=0)+P(X =2)+P(X =4)=1 (A1) for correct formula

r’+0.21+r+0.25+0.15=1

r’+r—0.39=0

100r® +100r —39=0

(A0r +13)(10r-3)=0

r=-1.3 (Rejected) or r=0.3 Al

[2]

(b) E(X) =(-2)(r* +0.21) + 0+ (2)(0.25) + (4)(0.15) (A1) for correct formula

E(X)=-0.6+0+0.5+0.6

E(X)=0.5 Al
[2]
()  Var(Y)=a’Var(X) Al
17.4 = 4.35a°
a’=4
a=-2 (Rejected) or a=2 Al
[2]
(d) 4.5 Al
[1]

@) P(X =5)+P(X =10)+P(X =15)+P(X =20)=1 (A1) for correct formula
04+04-r+0.19+r*+r=1
r’=0.01
r=-0.1 (Rejected) or r=0.1 Al
[2]

o) E(X) = (5)(0.4) + (10)(0.4—r)

(A1) for correct formula

+(15)(0.19 +r*) +20r
E(X)=2+3+3+2
E(X)=10 Al
[2]
(c) a= @ Al
a=>5 Al
[2]
(d) E(X)=5E(Y)+20
10=5E(Y)+20 (A1) for substitution
5E(Y)=-10
E(Y)=-2 Al
[2]

SE Production Limited



1.

(@)

(b)

(©

(a)

(b)

(©)

E(X) = (18)(0.343) + (24)(0.189)
+(33)(0.0265) + (39)(0.4415)
E(X) = 28.803

E(X?) = (18%)(0.343) + (24%)(0.189)
+(33%)(0.0265) + (392)(0.4415)
E(X?)=920.376

The standard deviation of X
= JE(X?)~E(X)’

— 1/920.376 — 28.8032
—0.526971764
—953

E(X) = (4)(0.45) + (9)(0.2) + (16)(0.2) + (25)(0.15)

E(X)=10.55

E(Y) = (—/4)(0.45) +(—/9)(0.2)

+(—16)(0.2) + (—/25)(0.15)
E(Y)=-3.05

The standard deviation of Y
= JE(Y?)-E(Y)’
=«fE(X)—E(Y)2

= |/10.55— (~3.05)?
=1.116915395
=1.12

SE Production Limited

(A1) for correct formula

Al
[2]

(A1) for correct formula

Al
[2]

(AL) for correct formula

Al
[2]

(A1) for correct formula
Al

[2]

(AL) for correct formula

Al
[2]

(A1) for correct formula

Al
[2]



(@)

(b)

(©)

P(X =1)+P(X =2)+P(X =3)
+P(X =4)+P(X =5)+P(X =6) =1
1 2 3 4 5 6
+ + + + + =
42k 42k 42k 42k 42k 42k
21 _
42k
1

k==
2

1 2 3
E(X) =(1)[2—1j+(2)[2—1]+<3)(z)
+(4) (ij +(5) (%) +(6) (%]

E(X)—f’

Var(X) = E(X?) - E(X)?

var(x) = @) 5, J+ @ 2]+ @) )
) 46 6 5 - (fj

Var(X) = 290

SE Production Limited

(A1) for correct formula

Al
[2]

(A1) for correct formula

Al
[2]

(AL) for correct formula

(A1) for substitution

Al
[3]



(@)

(b)

P(X =3)+P(X =4)+P(X =5)
+P(X =6)+P(X =7)=1

3 9 4 9 5 9
pyir B Bl Ity o By
16 5k 16 5k 16 5k

(6 9 j (7 9 J
H == |+ == |=1
16 5k 16 5k

k =—4 (Rejected) or k=4
Var(X) =E(X?)—E(X)?

Var(X) =(3%) (4%} (4%) (%}

(1Y L (21) ., (13
3 11

) (3)[%j+(4)(%j
1 21

Var(X):%—(%j

2

13
(7)[@

—+

Var(X) :16%?

SE Production Limited

(A1) for correct formula

(M1) for valid approach

Al
[3]

(A1) for correct formula

(A2) for substitution

Al
[4]



Chapter 19 Solution

1. () E(X):fx-(——mgjdx

SE Production Limited

(A1) for substitution

Al

[2]



(b) fa(—£x+§jdx:% Al

a
{—lx%gx} 1t Al
4 4

a’—6a+6=0
. —(—6) +/(-6)* —4(1)(6)
21)

6++12 612
2

> (Rejected) or a=

(A1) for correct value

b*-6b+8=0

(b-2)(b—4)=0

b=2 or b=4 (Rejected) (A1) for correct value
The interquartile range

612

2
=2-(3-3)
=—1+43 Al

—2—

[5]

SE Production Limited



(@)

(b)

(©)

E(X2) =1

Standard deviation
=E(X?) - (E(X))?

£

3
4

SE Production Limited

(A1) for substitution

Al

[2]
(A1) for substitution

Al
[2]

(A1) for substitution

Al
[2]



(a)

(b)

2 Al
[1]
[ 1 egx=t Al
0e° -1 2
{ 21 ex} —1 Al
e’ -1 |, 2
1 ., 1 4, 1
7 ¢ T3 =5
e -1 e’ -1 2
e -1 1
== M1) for valid approach
71 > (MI) PP
SNTRE PO
2 2
eaze2+1
2
(e2+1]
a=In
2
2
Thus, the median is In(e 2+1J Al

[4]

SE Production Limited



(a)

(b)

(©)

a=-1 (Rejected) or a=1
Thus, the median is 1.

E(X):jfx- dx

X
2

o1, Bl
E(X)_I—l_EX dx+'|‘O EX dx

0 B
E(X) :{—%xﬂ +E xﬂ

E(X):(O—%J+(¥—OJ
33-1

6

E(X)=

SE Production Limited

Al
[1]
Al

Al

(M1) for valid approach

Al
[4]
(A1) for substitution
Al
Al
[3]



1. @

(b)

(©)

3 2 )
Il2k(x—1)dx+J'§k(x—2) dx =1

el o]
=

L
6
k=

oolz—
;_/
/_\\
|
)
.l>|7‘_
N—
N—
[l
H

6

E(X) = J?Gx(x—l)dx+ s 6x(x-2)ax

13
E(X)=1+—
(X)=1+

45
E(X)=2
(X) T

[ 6(x-1)dx =

[30-7] -

NI NP O -

3(a-1)°-0=

21
(a-1° =

6

a=1.40824829
Thus, the median is 1.41.

SE Production Limited

(M1) for valid approach

Al

Al
[3]

(A1) for substitution

(A1) for correct values

Al

[3]
Al

Al

Al
[3]



(d)

(€)

3
P X>% = [26(x~D)dx+ [ 6(x~2)?dx
2 2
Pl X >— :3+1
4) 16 4
P X>§ _B
4) 16
7 5
P(X >—NX >j
P(X >%X>g]— 4 3 4
P(X >)
4
71, 5 P(X>D
Pl X>—|X>= 1=
i)

7 _ 4
2 X >Zj_—13

16

7|, 5) 16( 1
X>2 =22 =
4 4] 13(32]

SE Production Limited

(M1) for valid approach

(A1) for correct values

Al

[3]

(M1) for valid approach

Al

Al

[3]



(a)

(b)

(©)

E(X)= J.sﬂ——X(X-i- 2)dx+'|' — X cos xdx

E(X) =-1.832595715+0
E(X) =-1.832595715
E(X)=-183

The variance of X
=E(X?*)-(E(X))?

—J‘Sﬁ—ﬂix £x+ jdx+J = x2 cos xdx

—(~1.832595715)>

=6.990969784 +0.2337005501— (—1.832595715)°

=3.866263279
=3.87

- 1 T o1
— 2 _ — —
P(X <0) —_[73” = [x+ 2]dx+_[,2,4cos Xdx
P(X <O)—E+%

P(X <0)=Z

SE Production Limited

(A1) for substitution

(A1) for correct values

Al
[3]

(M1) for valid approach

Al

Al
[3]

(M1) for valid approach

(A1) for correct values

Al
[3]



P(X >—7n X <0)
P(X <0)
P(-7< X <0)
P(X <0)

d  P(X>-z|X<0)=

(M1) for valid approach

P(X>-7| X <0)=

P(X>-7| X <0)

V4

- 1 T o1
2 __ T pa —
LT p (x+ ) )dx+.[_,2, i xdx Al

Nlw

P(X >—7r|X<O):ﬂ 1+1
38 4
1
P(X >_”|X<O):E Al

[3]
(e) P(X <r)=0.6

P(X < —%} P(—% <X < rj =06 (M1) for valid approach

1+J'r,ricosxdx:0.6
2 4

Fsin x} =0.1
4 x
2

1sinr—(—ljzo.l Al
4 4

sinr=-0.6

r =-0.6435011088

r=-0.644 Al

[3]

SE Production Limited



(@)

(b)

(©)

jo”ksin%xdm j:”kdx ~1

[—ZK cos% XT + [kx]z+1 =1
(0—(=2K)) + (K(z +1) —k7z) =1
3k=1

1

k==
3

71 1 11
E(X)zj0 5x5|n§xdx+.[ﬂ éxdx

E(X) = %+1.213864218

E(X) = 2.547197551
E(X) =255

03

e [3]
—=COS=X| +|=Xx| =
3727, 137

a=-+rx

Thus, the upper quartile is %4—71’.

SE Production Limited

M1

Al

Al

AG

[3]
(A1) for substitution

(Al) for correct values

Al
[3]
Al

Al

Al
[3]

10



(d) PX<—:4}%m%mx

(e P(%<X<n

P(72T<X<7r)
P(%<X<7zX>%)=
P(X >”J
2
I:sin;xdx
Pl Z<X<alXx>Z|="22 £
2 2) 22
3
)
——C0S— X
7 3 2 |z
Pl =<X<zlX>=|=———+—2
2 1+2
3
o[ _2[V2
P 3l 2
Pl =< X<z X>=|=
2 1+2
3
V2
3
Pl —<X<rx|lX>=|=
2 1+\/§
3
P z<X<7zX>z = ﬁ
2 2) 1+2

SE Production Limited

M1

AG

[2]

(M1) for valid approach

Al

Al

[3]

11



(@)

(b)

(©)

By considering the graphs of

yzix+i, —-3<x<land
20 20

y:_ix2+%x, 1< x <4, the maximum point

15

1)

Thus, the mode of X is 2.

The standard deviation of X

= JE(X*)—(E(X))’
Jl X2 -(ix+i]dx
=3 20 20

2
+I4x2- e A ax- 3
1 15 15 60
=/2.279722222

=1.509874903
=1.51

SE Production Limited

(A1) for substitution

(A1) for correct values

Al
[3]

(M1) for valid approach

Al
[2]

(M1) for valid approach

Al

Al
[3]

12



(d)

(€)

(f)

r (ix+ijdx =0.35

-3\ 20 20

L3y o35

0° 20,

L 3a)[-L)os3s
40 20 40
a’+6a+9=14
a’+6a-5=0

By considering the graph of y=a®+6a—5,
a=-6.741657387 (Rejected) or a=0.741657386.

Thus, the 35th percentile is 0.742.

P(X|>2)=P(X >20r X <-2)
P(X|>2)=P(X <-2)+P(X >2)

21 3
P(X]|>2) :J._Sz(%x+5jdx

+'|.4(—ix2+ixjdx

2\ 15 15

P(|X|>2):i+E
40 45
137

P(IX|>2)=——

(| |>) 360

P(X >2n|X|>2)
P(X|>2)

P(X >2)
P(X|>2)

P(X >2||X|>2)=

P(X >2[|X|>2)=

(
P(X >2]|X|>2)=—

P(X >2||x|>2)=@(Ej
137

128

P(X >2||X|>2):13—7

SE Production Limited

Al

Al

Al
[3]
(M1) for valid approach

(Al) for correct values

Al
[3]
(M1) for valid approach

Al

Al
[3]

13



Chapter 20 Solution

Part | Solution

@ 1) The area of the rectangle ABCD
=(AD)(CD)
="M
e-1

(2) The area of the triangle ACD

e-1
=

+2

e-1
3 0<A<
3) A 2o

(b) 1) The area of the triangle CFG
_(CG)(FG)
2

(e’ )@

SE Production Limited



(©)

(d)

(€)

0<p <=0

ed _o

0<A<

e-1
2¢e*

0<A <

efn _ ef(n+l) )(1)

(
0<A < >

e—n _ e—n—l
0< <——
A 2

e-1
2en+1

0<A <

W A=["edk-©OE"?)
Aq _ [_e—x ]n+1 _ e—(n+l)

n

A—. — _e—(n+l) _ (_e—n) _ e—(n+1)

A-. — _ze—(n+l) + e—n

A=S2
e—2
@) A= OOk
e—-2
AH2=;;5‘
e—-2 e-2
(3) A‘n - AHZ = F _en_+3
_e’(e-2)—-(e-2)
A1 - A1+2 - en+3
_(e8-1)(e-2)
Aw - AHZ - en+3
_(e+D(e-D(e-2)
A1 - A1+2 - en+3

SE Production Limited



(f) e®A,—e+2=0

e e
S B+1=23
=22

Part 11 Solution

@ o Sl Bl<2[e‘lj

2¢? 2¢’
e-1 e-1
267 B g2
(2)
J}
A
_______________ B
-------- e g e
O
e—1 e-1 e-1 e-1
(3) g3 BZ 3 7 < B3 4
e-1 e-1
(4) 2 nil Bn <F

SE Production Limited



Part 111 Solution

M ©  AB=7
Blzee_zl_pﬁ

@ Ave=2

B, =ee_31_Az

@ A+B -7

B, =S A

Q) 1) Concave upward
2 The area of A, is always less than the area of B, .
@ @ o
e-1

@  A+B= o

0<B, <A <A +B,

e-1
~0<B, <A < ol
lim0=0
n—oo
. e=1 . e . 1
I|m—1:I|m l—llm—
n—oo en+ n—oo en+ n—oo en+l
e-1 .. 1 1
lim T =lim=—— lim T
n—» @ + n—o e" N+l e"+
e-1
lim . =0-0
n—>w @ +
. e-1
lim——-=0
n—oo e
~IimA =limB, =0
n—oo n—oo
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Part 1V Solution

e-1 e-1
<B <

&K @ 2o B o2

e-1 e—-1

26" B, e

e-1 e-1

_2e o < B, < _e Z

e-1 < e-1

Zem—l n en+1
e-1 e-1 e-1 e-1
2% 2% 2¢* 2e"

e e (5] k
E(E_i 1 1.1 1. .
2le e e* e e ¢ e"

s 1 1 1 1 1 1
<> B <- — -t

kzzi‘ “Te e e & ¢ ¢
11 1 n 1 1
_(__Wj Bk<_— n+1
2le e = e e

1( e" 1 n g" 1
- _ B <
2 (eml en+1 j = k en+1 en+1

e" -1

@) Iimen_lzlim(l— 1 j

n—o @ n—o0
e"-1 1
!]Ln n+1 ___0
© € e
l e"-1 1
ngn n+1 N

© € €
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n n

.e'-1

3 lim <hm B, <hm

( ) n—oo 2e”*l Z now @M
1 e" — -1
—lim——-—= <hm B, <hm
2 noo e n—>ooZ n—o en +1
1 1

<lim) B, <-

2 (ej nawz e
——<I|mZB<1
2e nN—o e

(1) 1 —inris—i4 +i5—16+--- is the sum to infinity of the geometric
e e e e e e

e e

1
11,01 1.1 1 e
e e e e e ¢f 1_(_1)
e
1
11,1 1.1 1 e
2 3 4 5 6 - 1
e e e e e e 1.1
e
it 1.1 1.1 1 . _1
e? e® e* e ¢° e+1
e-1 e-1
2) 2e? <B < o
e-1 e-1
F<Bs<—4
e-1 e-1
_2e6 <B5<—&6
e-1 e-1
28 < By < o

e-1 e-1 e-1 e-1
ottt
2e 2e 2e 2e

<B +B;+B,+---+B B + +
2na ez e4 ee
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(m)

1)

)

1(e—1 e-1 e-1 e—1 )
+ + +...+ +...

A -

<B+B;+B +---+B, ;+:-< o2 + o
1(Li+i_i R S
2 e eZ e3 e4 eS eS e2n—1 e2n
<B+B;+B,+---+B, ;+-

11 1 1 1 1 1 1
e e & e e & el g

1/ 1
E(e_ﬂj< B+B;+B +-+B,, ;+ - <——

1
<B+B,+B.+---+B, ,+--<—
2(e+1) B+ +5, 2t e+1

_ Ky k+1 —x
B, =()(e™) jk e *dx
ok [ ax k+1
B, =e [ € :'k
B =e™ — (Y —(-e™)

k-1 ok

B =e“+e e

—k-1
B, =e

B =e "

dBk —k-1
—X =(e -1
=D
dk

dﬁ <0 for k>1
dk

Thus, B, is decreasing.
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1.

(@)

1)

)

1
1—x?

-

dx

1(0) =[arcsin X];

I (0) =arcsinl—arcsin0

Vs
1(0)==-0
(0) 5

Vs
1(0)==
©=7

1 X
Q)=

IO fl_XZ
Let u=1-—x°.
d—u=—2x:>—1
dx 2

x=1=u=1-1°

dx

du = xdx

=0

x=0=u=1-0%*=1

S Q) =I10—%~%du
01207
|(1):—%(o—2)

(1) =1
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3) I(n)=I:\/1)ir]7dx

Leté?_«/l X2 | M1
do (20—
dx 2«/1 x? «/
1
:>——d49: dx
X J1-%?
S 1(n) = I:—X—;d(«/l— x2) Al

1(n) = [ -X"d(1- %)

1) =[x | - [N AL
1(n) = (-1"*V1-1°) - (-0"1-0?)
[N

() = =[ VA= -~(n -1

() = (n=D) [ VL= -x" 7o AL

1 (1_ XZ)an?_ d

|(n)=(n—1)j0 N
1(n)=(n-1 X\}:_;X’z‘n dx

1 x"? 1 X"
I(n)=(n 1)Uoﬁdx Lﬁdxj
I(n)=(M-D(I(n—2)—1(n)) Al
InN=(n-D)I(n-2)—(n-1)1(n)
nl(n)=(-1)I(n-2)

M1

I(n):nT_ll(n—Z) AG

(4) l@=§§un

=20

|(3)=§ Al

[12]
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() @

)

1 1
HO)=| ———————dXx
IO (x* +1)V1-x?
Let x=tan@.

%:secz 6 = dx =sec® 0d o
do

x:1:>tan¢9:1:>¢9:%
X=0=tan@=0=6=0

z sec? 6
~HO=]!

d
(tan? 6 +1)\1-tan? 0

ks 2
HO)=[——2 g0
% sec? O\f1—tan? @

0

z 1
HO)=[¢——=——d&
IO \J1-tan? 6
HO) = [+——22¢__4g
0 Jcos?@—sin?@

H(0) :I; cosd P
o J1-sin2@—sin2@

cosé

H(0) = %—dﬁ
© IO J1-2sin?@

cosd

H(0) = %—de
© IO \J1-2sin?@

Let v:\ﬁsine.
dv 1
@=\/§c059:>—dv:cosed0

N

T . T
O=—=v=+2sin—=1
4 V2 4

6=0=v=42sin0=0
TH(O) = [————dv
h 02 1V
1 1 1

[ —==adv
\/Ej.ox/l—vz
NA

H(O)=72I(O)

H(0) =
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M1
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Al

M1

Al

AG

M1

Al

AG
[7]

10



(©)

1)

()

(3)

o) = [— X g
@ J.°(x2+1)x/1—x2 "

HE) :J-l x> +1-1

_xHd g
O (x* +1)V1- X2 "
1 xXP+1
H2=| ————d
e Y e
_Il;dx
O (X2 +1)\1- X2
11 1 1
H2)=| ——dx-| ————d
O e Yy e

H(2)=1(0)-H(0)

1 X3

HE)=[ — ——d

R IO (< +1)y1- x> "

HE) = XXX

R jo (O +DV1-x* "
X(x* +1)

HE) = [ — 2 d
R J.O (< +D1-x* "
_J‘l;dx
O (X2 +1)y1—x2
HE) =[ ——2—dx—[ —> —d
R J.‘Jxll—xz " '[0 (x* +1)V1-x? "

H3)=1(1)-H(Q)

H(n)=1(n-2)-H(n-2)
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M1

Al

Al

[5]
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d) H@=12)-H( M1
H(4)=1(2)-(1(0)-H(0))

H(4)=ZT_1I(0)—I(0)+H(O) M1
H(4):—%I(O)+H(O)
_ o2

H@)=-210)+-1(0) M1
- 25

2\2) 22
H(4) = ©(J2-1) Al

4

[4]
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1
=cos0+isin0

(0+2kﬂ} .. (0+2kﬂj
Z =CO0S +1SIN
n n

(k=0,1,2,---,n-1)

(@)

Zn
Zn

2kz . . 2krx
Z =CO0S +1SIN
n n

Thus, arg(w, ) :Zk—”.
n

o n d
b 1 SinOP.P. = —-
® @ Pi= o

0

2r
sinl -3 |_%
2 2 1
7 d,
COS—=—
3 1
1
d. ==
)

o d
2 sinOP,P, = —*
@ P

PO
27
sin| Z-4_ |0
2 2 1
cos—:%
1
2
d, ==
)
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M1

Al

Al

M1

Al

AG

[2]
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3) Al for regular pentagon
Al for correct arguments for P,

T
4 d. =cos=
(4) 5 z

o d
5 SinOP,P, = —-
(5) P=g

I:)O
2r
sin| Z_n_[_%
2 2 1
r d,
cos—=—"
n 1
dn=cosZ
n
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€ (@) A-=3 %(OPO)(OPl)sinPOC)Pl)

1 .27
A =3 E(l)(l)sm?j

4218

33
A

(2) A =4 %(OPO)(OPl)sinPoéPl]

1 . 27
1

A =4 E](l)

A =2

B) A= n(%(OPO)(OPl)sinPOC)PlJ

1 . 27
A = n(z(l)(l)sm Tj
n. 2«

=—sin—
A 2

n

d A =gsin2—”

n

A :E(ZSinzcoszj

n n

—n| J1—cos?Z |cosZ
A [\/ nJ n

A, =nd, (\1-d,?)
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AG

M1

Al

Al

M1

Al

AG

Al

Al

[7]

[2]

15



(€)

1)

)

3)

. . T
limny1-d 2 =limn /1—(:032—
n—o n—o n

limny/1-d,> = limnsinZ Al

n—o n

. T
SIn—

limn1-d? = lim—1"
n—oo n—oo 1

[cos
I|mn 1— d 2 =lim

n—oo nN— 1

2
. . T
limny1-d,? =limzcos =
N—o0 nN— n

limny1-d,? = zcos0
limny1-d 2 =7 AG

n—o

im A, = limnd, (1-d,")

im A, =(tima, ) imnyf—d,’)

i, ~{timeos J(imni=a7) v
lim A, = (cos0)(x)

limA, =7 Al

N—o0

SN

The inscribed polygon becomes a unit circle
and the shortest distance of the boundary of
the polygon to the origin becomes the radius
1 as n tends to positive infinity. R1
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